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Introduction

The emphasis in this talk is on:

@ Higher-order distributions as control inputs
(6-function and its derivatives)

o State constraints

@ Feedback control
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Introduction

Impulse controls:
@ instantaneous control actions (" hits")

@ trajectories with discontinuities, jumps, resets, etc.

Mechanical systems:
@ Using ordinary d-functions: gives jump in velocity
@ Using higher derivatives of §-functions: gives reset of all
coordinates.
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© Impulse Control Problem
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Impulse Control Problem

x(t) = A(t)x(t) + B(t)u(t)

t € [to, t1] — a fixed time interval

Problem (1)

Minimize J(U(+)) = [gi{] U(") + p(x(t1 +0))

over U(+) € BV/|to, t1], where x(t) corresponds to control input

du

and starts from x(ty — 0) = xo.
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Impulse Control Problem

The classical result
(N. N. Krasovski [1957], L. W. Neustadt [1964]):

u(t) = Z hid(t — )

Important particular case: ¢(x) = . (x| {x1})
— steer from xp to x; on [tp, t1].

0, X € A;

sl A):{+oo x & A.
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Dynamic Programming

Definition

The Value Function is the minimum of J(U(:)) for a fixed initial
state x(tp — 0) = xo:

V(to, x0) = V(to, x0; t1, ¢(+))-

Variational inequality of Hamilton—Jacobi—Bellman type:
min {H1(t, x, V¢, Vi), Ha(t,x, Vi, Vi)} =0,

V(t1,x) = V(t1, x; t1,¢(")).

Hi = Vi + (Vi, A(t)x),

Ho = min (Vy, B(t)u) +1 = —HBT(t)VX
uesS;

+ 1.
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The Control Structure

Hi(t,x) =0 <«— (t,x) —> Ho(t,x)=0

4

wait choose jump direction
du(t) =0 d=—-BTV,

choose jump amplitude
mina > 0: Hi(t,x+ad)=0

Jump
Ur)=a-d-x(t—t)
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Extended space-time system

Equivalent System:

{dx/ds = A(t(s))x(s) - ut(s) + B(t(s))u*(s)
dt/ds = u'(s)

Equivalent Problem:

J(u()) = J5 luX(s)l|ds + 6(x(S)) — inf,
u(s) = (v*(s), u'(s)) € %, x [0,1],
t(0) = to, t(S)=t1.
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Closed-loop System

Multivalued control synthesis for space-time system:

%*(t,X): U {U| H(t,X,T,f, ut’uX):O}’
(T,E)Eacv

H(t,x,7,& ut, u) = {7 + (£, A(t)x)]u'+
+ [(& B(t)uw) + [lu*[l]} = O,

Closed-loop system (differential inclusion):
d (x A(t)x B(t) «
o ( t) € ( 1 0 U*(t,x)
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€ Generalized Impulse Control Problem
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Generalized Control Problem

Problem (2)

Minimize J(u) = p*[u] + ¢(x(t1 + 0))

over distributions u € D[, 8], (o, B) 2 [to, t1],
where x(t) is the trajectory under control u
and initial state x(ty — 0) = xo.

p*[u] is the conjugate norm for the norm p on C¥[a, A]:

pl] = ma§]¢|\w<t)u )+ -+ 08|

n
u(t) =Y hO5(t — 1)+ hV(t ) 4+ A6 (- ).
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Reduction to “Ordinary” Impulse Controls

How to deal with higher derivatives 6U)(t)?
Reduce to a problem with ordinary é-functions,
but for a more complex system.

General form of distributions u € Dy:

u—%—i-dzul—i- +dek
Cdt dt? dtk

Uje BY

Problem 2 reduces to a particular case of Problem 1 for the system

x=A(t)x+ B(t)u, B(t) = (Lo(t) Li(t) -+ Li(2))
Uo(t)
and control u = —, U(t) = :
Uk(t)

with Lo(t) = B(t), L;j(t) = A(t)Lj—1(t) — L;_4(t).



Reduction to “Ordinary” Impulse Controls

A(t) = (Lo(t) Li(t) - Li(t))
What does it look like?

For example:
o A=0:

#(t) = (B(r) —B'(t) B"(t) --- (-1)*BM(1))
o A, B = const:

B(t)=(B AB A’B ... AKB)
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@ Impulse Controls + State Constraints
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Impulse Controls 4 State Constraints

The system:

dx/dt = A(t)x 4+ B(t)u + f + (@) — £(8)
Initial and final distributions:

Oa 9B
A0 = 3 050 (e~ 1), A =3 W5 R (e py).
k=0 k=0

State constraint:
o(t, FD(t, 1)) < v

(see next slide for definition of ()
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State constraint

FO(t,ta) = N(x () (t) = N / "0t — P)x(r)dr

(x(t) =0,t < ty)

0, t<O.

(1) = {f(t), t>0;

I =k —1: f) is an ordinary function.
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The Problem

Problem (3)

Find an admissible control u, minimizing the functional

J(u) = HUHD(r)k[a,ﬂ]'
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Closed-Loop Solution

The solution outline is:
© Reduce to first-order system
©Q Use extended space-time representation

© Apply dynamic programming
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Reduction to 1st Order

Equivalent system:
dx = A(t)xdt + B(t)dU

B(t) = (Lo(t) Li(t) -+ Li(t))
Lo(t) = B(t), Lj(t) = A(t)Lj-1(t) — Lj_q(2).

State constraint:
x(t+0) € 2(t)

Boundary conditions:
x(ta) =x0, x(tg+0)eM

Functional:

J(U(")) = Var U(:) — inf
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Extended space-time system

Equivalent System:

{dx/ds = A(t(s))x(s) - ut(s) + B(t(s))u*(s)
dt/ds = u'(s)

Control: u(t) = (v*(s), u(s)).
Functional:

S
:/ 0*(s)||ds — inf
0
State Constraint:

(t(s),x(s)) € graphy,, .1 Q) = |J {t} x Q(¢t)

t€[ta,tg]
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Dynamic Programming

Suppose V/(t,x) on Q(t) (otherwise: contract Q(t)).

Admissible control vectors:

U(t, x) = {(uX, ut)

(u', A(t)x - u' + B(t)u™) € T(ex) graph[t,tﬂ] Q()}

Hamilton—Jacobi—Bellman equation:

min H(t,x, Vi, Vi, ut, u*) =0,
(v*,ut)eU(t,x)

H = [Vi + (Vi, A(t)x)] ut + [(Vi, B(£) ) + || u¥]]]

Note: in intgraph Q(-) this turns into variational inequality for the
impulse control problem.
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Dynamic Programming

Feedback Control:

U(t.x) = |J {weU(tx) | H(t.x 7.6 uf,u¥) =0}
(T,f)eacv

Closed-Loop System:

£0)<((4 *)-
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Example: 1D System

Assume
o xeR!

o State constraint Q(t) is given in a finite number of points

Then
o V*(t,x) is piecewise linear in x

@ V/(t,x) may be evaluated numerically in an efficient way
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Example: 1D System

Qam=[o.1]

t€0,2], b(t)=-¢e', Q(t)=]0,t]
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