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Introduction

The emphasis in this talk is on:

Higher-order distributions as control inputs
(δ-function and its derivatives)

State constraints

Feedback control
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Introduction

Impulse controls:

instantaneous control actions (”hits“)

trajectories with discontinuities, jumps, resets, etc.

Mechanical systems:

Using ordinary δ-functions: gives jump in velocity

Using higher derivatives of δ-functions: gives reset of all
coordinates.
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Impulse Control Problem

ẋ(t) = A(t)x(t) + B(t)u(t)

t ∈ [t0, t1] — a fixed time interval

Problem (1)

Minimize J(U(·)) = Var
[t0,t1]

U(·) + ϕ(x(t1 + 0))

over U(·) ∈ BV [t0, t1], where x(t) corresponds to control input

u(t) =
dU

dt

and starts from x(t0 − 0) = x0.
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Impulse Control Problem

The classical result
(N. N. Krasovski [1957], L. W. Neustadt [1964]):

u(t) =

n
∑

i=1

hiδ(t − τi)

Important particular case: ϕ(x) = I (x | {x1})
— steer from x0 to x1 on [t0, t1].

I (x | A) =

{

0, x ∈ A;

+∞, x 6∈ A.
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Dynamic Programming

Definition

The Value Function is the minimum of J(U(·)) for a fixed initial
state x(t0 − 0) = x0:

V (t0, x0) = V (t0, x0; t1, ϕ(·)).

Variational inequality of Hamilton–Jacobi–Bellman type:

min {H1(t, x ,Vt ,Vx), H2(t, x ,Vt ,Vx)} = 0,

V (t1, x) = V (t1, x ; t1, ϕ(·)).

H1 = Vt + 〈Vx ,A(t)x〉,

H2 = min
u∈S1

〈Vx ,B(t)u〉+ 1 = −
∥

∥

∥
BT (t)Vx

∥

∥

∥
+ 1.
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The Control Structure

(t, x)H1(t, x) = 0 H2(t, x) = 0

jump

U(τ) = α · d · χ(τ − t)

dU(t) = 0
wait choose jump direction

d = −BTVx

choose jump amplitude

minα > 0 : H1(t, x + αd) = 0
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Extended space-time system

Equivalent System:

{

dx/ds = A(t(s))x(s) · ut(s) + B(t(s))ux(s)

dt/ds = ut(s)

Equivalent Problem:











J(u(·)) =
∫ S

0 ‖ux(s)‖ds + φ(x(S)) → inf,

u(s) = (ux(s), ut(s)) ∈ B1 × [0, 1],

t(0) = t0, t(S) = t1.
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Closed-loop System

Multivalued control synthesis for space-time system:

U
∗(t, x) =

⋃

(τ,ξ)∈∂CV

{

u
∣

∣ H(t, x , τ, ξ, ut , ux) = 0
}

,

H(t, x , τ, ξ, ut , ux) =
{

[τ + 〈ξ,A(t)x〉]ut+

+ [〈ξ,B(t)ux〉+ ‖ux‖]
}

= 0,

Closed-loop system (differential inclusion):

d

ds

(

x

t

)

∈

(

A(t)x B(t)
1 0

)

U
∗(t, x)
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Generalized Control Problem

Problem (2)

Minimize J(u) = ρ∗[u] + ϕ(x(t1 + 0))

over distributions u ∈ D∗

k [α, β], (α, β) ⊇ [t0, t1],
where x(t) is the trajectory under control u

and initial state x(t0 − 0) = x0.

ρ∗[u] is the conjugate norm for the norm ρ on C k [α, β]:

ρ[ψ] = max
t∈[α,β]

√

‖ψ(t)‖2 + ‖ψ′(t)‖2 + · · ·+
∥

∥ψ(k)(t)
∥

∥

2
.

u(t) =
n

∑

i=1

h
(0)
i δ(t − τi) + h

(1)
i δ′(t − τi) + · · · + h

(k)
i δ(k)(t − τi).
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Reduction to “Ordinary” Impulse Controls

How to deal with higher derivatives δ(j)(t)?
Reduce to a problem with ordinary δ-functions,
but for a more complex system.
General form of distributions u ∈ D∗

k :

u =
dU0

dt
+

d2U1

dt2
+ · · ·+

dkUk

dtk
Uj ∈ BV

Problem 2 reduces to a particular case of Problem 1 for the system

ẋ = A(t)x + B(t)u, B(t) =
(

L0(t) L1(t) · · · Lk(t)
)

and control u =
dU

dt
, U(t) =







U0(t)
...

Uk(t)






,

with L0(t) = B(t), Lj(t) = A(t)Lj−1(t)− L′j−1(t).
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Reduction to “Ordinary” Impulse Controls

B(t) =
(

L0(t) L1(t) · · · Lk(t)
)

What does it look like?

For example:

A = 0:

B(t) =
(

B(t) −B ′(t) B ′′(t) · · · (−1)kB (k)(t)
)

A,B = const:

B(t) =
(

B AB A2B · · · AkB
)
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Impulse Controls + State Constraints

The system:

dx/dt = A(t)x + B(t)u + f + f (α) − f (β)

Initial and final distributions:

f (α) =

σα
∑

k=0

x(k)α δ(k)(t − tα), f (β) =

σβ
∑

k=0

x
(k)
β δ(k)(t − tβ),

State constraint:
ψ(t, f (l)(t, tα)) 6 ν

(see next slide for definition of f (l))
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State constraint

f (l)(t, tα) = N(x ∗ ζ
(l)
+ )(t) = N

∫ t

tα

ζ(l)(t − τ)x(τ)dτ

(x(t) ≡ 0, t < tα)

f+(t) =

{

f (t), t > 0;

0, t < 0.

l = k − 1: f (l) is an ordinary function.
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The Problem

Problem (3)

Find an admissible control u, minimizing the functional

J(u) = ‖u‖D(r)k [α,β]
.
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Closed-Loop Solution

The solution outline is:

1 Reduce to first-order system

2 Use extended space-time representation

3 Apply dynamic programming
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Reduction to 1st Order

Equivalent system:

dx = A(t)xdt + B(t)dU

B(t) =
(

L0(t) L1(t) · · · Lk(t)
)

L0(t) = B(t), Lj(t) = A(t)Lj−1(t)− L′j−1(t).

State constraint:
x(t + 0) ∈ Q(t)

Boundary conditions:

x(tα) = x0, x(tβ + 0) ∈ M

Functional:
J(U(·)) = VarU(·) → inf
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Extended space-time system

Equivalent System:

{

dx/ds = A(t(s))x(s) · ut(s) + B(t(s))ux(s)

dt/ds = ut(s)

Control: u(t) = (ux(s), ut(s)).
Functional:

J(u(·)) =

∫ S

0
‖ux(s)‖ds → inf

State Constraint:

(t(s), x(s)) ∈ graph[tα,tβ ]Q(·) =
⋃

t∈[tα,tβ ]

{t} × Q(t)
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Dynamic Programming

Suppose V (t, x) on Q(t) (otherwise: contract Q(t)).

Admissible control vectors:

U(t, x) =
{

(ux , ut)
∣

∣

∣(ut ,A(t)x · ut + B(t)ux) ∈ T(t,x) graph[t,tβ ]Q(·)
}

Hamilton–Jacobi–Bellman equation:

min
(ux ,ut)∈U(t,x)

H(t, x ,Vt ,Vx , u
t , ux) = 0,

H = [Vt + 〈Vx ,A(t)x〉] u
t + [〈Vx ,B(t)u

x〉+ ‖ux‖]

Note: in int graphQ(·) this turns into variational inequality for the
impulse control problem.
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Dynamic Programming

Feedback Control:

U∗(t, x) =
⋃

(τ,ξ)∈∂CV

{

u ∈ U(t, x)
∣

∣ H(t, x , τ, ξ, ut , ux) = 0
}

.

Closed-Loop System:

d

ds

(

x

t

)

∈

{(

A(t)x B(t)
1 0

)

u

∣

∣

∣

∣

u ∈ U∗(t, x)

}
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Example: 1D System

Assume

x ∈ R
1

State constraint Q(t) is given in a finite number of points

Then

V ∗(t, x) is piecewise linear in x

V (t, x) may be evaluated numerically in an efficient way
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Example: 1D System

t ∈ [0, 2], b(t) = et , Q(t) = [0, t]
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