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Introdu
tionControl System
ẋ(t) = A(t)x(t) + B(t)u(t) + C (t)v(t) t ∈ [t0, t1]

x ∈ R
n � position

u ∈ R
m � 
ontrol

v ∈ R
k � disturban
e (unknown)

[t0, t1] � �xed time interval
x(t0) = x0 � initial position (known)Constraints:

u(t) ∈ P(t)
v(t) ∈ Q(t)Control obje
tive: x(t1) ∈ M 17.09.2011 · COSY-2011 2 / 27



Introdu
tionSolution of the Feedba
k Control Problem is based onL. S. Pontryagin's Alternated IntegralMax-min solvability (ba
kward rea
hability) set:
W+(t; t1,M ) = {x ∈ R

n | ∀v(·)∃u(·) : x(t1; t, x , u(·), v(·)) ∈ M }Alternated sums:
I

+
T
[t] = W+(t; τ1,W

+(τ1; τ2, . . .W
+(τk ; t1,M ) . . .))Alternated Integral:

I [t] =
⋂

T

I
+
T
[t] 17.09.2011 · COSY-2011 3 / 27



Introdu
tion
Support fun
tion of W+[t] (for A(t) ≡ 0):
ρ
(

ℓ
∣

∣ W+[t]
)

= conv
{

ρ (ℓ | M ) +

+

∫ t1

t

ρ (−ℓ | B(t)P(t)) dt −

∫ t1

t

ρ (ℓ | C (t)Q(t)) dt
}Convex hull is 
al
ulated at ea
h step.
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Introdu
tionSimple solution for parti
ular 
ases.Mat
hing Condition: ρ (−ℓ | B(t)P(t))− ρ (ℓ | C (t)Q(t))is 
onvexHomothety: P(t) = α(t)Q(t), |α(t)| ≥ 1Convex hull may be omitted:
ρ
(

ℓ
∣

∣ W+[t]
)

=�
��conv

{

ρ (ℓ | M ) +

+

∫ t1

t

ρ (−ℓ | B(t)P(t)) dt −

∫ t1

t

ρ (ℓ | C (t)Q(t)) dt
}Solution redu
es to open-loop 
onstru
ts:

I [t] = W+[t]. 17.09.2011 · COSY-2011 5 / 27



Introdu
tionExamples:Homothety (⇒ Mat
hing Condition) holds for µ ≥ ν:
{

ẋ1(t) = x2(t),

ẋ2(t) = u(t) + v(t),
|u| ≤ µ, |v | ≤ ν.Mat
hing Condition does not hold for any bound on u:

{

ẋ1(t) = x2(t) + v1(t),

ẋ2(t) = u(t) + v2(t).
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Problem
ProblemIndi
ate a 
lass of 
ontrol inputs that allows to solve the feedba
k
ontrol problem via open-loop 
onstru
ts, for 
ontrol systemsla
king the Mat
hing Condition.
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Fast ControlsGeneralized 
ontrol (for t0 = t1):
u(t) =

s
∑

j=0

hjδ
(j)(t − t1), hj ∈ R

mFor large s, steers a 
ompletely 
ontrollable systemfrom x0 to x1 in zero time.Fast Controls are bounded approximations of generalized
ontrols.Steer a 
ompletely 
ontrollable systemfrom x0 to x1 in arbitrarily small time.Fast Controls widen the 
lass of problems solvable byopen-loop 
onstru
ts. 17.09.2011 · COSY-2011 8 / 27



Solution S
hemeOriginal System (1)
⇓ (formal transition)System with Generalized Controls (2)
⇓ (redu
tion)System with Impulse Controls (3)
⇓ (additional bound on 
ontrol)System with Fast Controls (4)
⇓ (solving the Feedba
k Control Problem with open-loop 
onstru
ts)Bounded 
ontrol for system (4)
⇓ (approximation)Bounded 
ontrol for system (1) 17.09.2011 · COSY-2011 9 / 27



Generalized ControlsGeneral Form
u(t) =

s
∑

j=0

d j+1Uj(t)

dt j+1
, Uj(·) ∈ BV ([t0, t1];R

m)In parti
ular, in the absen
e of disturban
es
u(t) =

n
∑

i=1

s
∑

j=0

hi ,jδ
(j)(t − τj),

δ(t) = χ′(t)

hi ,j ∈ R
m � dire
tion and amplitude of generalized impulses

τi � timings of these impulses 17.09.2011 · COSY-2011 10 / 27



System with Impulse ControlsSystem with generalized 
ontrol inputs redu
es to
dx(t) = A(t)x(t)dx(t) + B(t)dU(t) + C (t)v(t)dt

U(t) =
[

U0(t) · · · Us(t)
]

∈ BV ([t0, t1];R
m(s+1)) �Impulse Control

B(t) =
[

L0(t) · · · Ls(t)
]

L0(t) = B(t), Lj(t) = A(t)Lj−1(t)−
dLj−1(t)

dt
, j = 1, s.
ontrol obje
tive is x(t1 + 0) ∈ M 17.09.2011 · COSY-2011 11 / 27



System with Impulse Controls
RangeB(t) ⊇ RangeB(t) � greater 
ontrol 
apabilitiesAssumptionThere exists s ≤ n − 1, for whi
h RangeB(t) ⊇ RangeC (t) for all
t ∈ [t0, t1].Examples:

A(t) ≡ A

B(t) ≡ B

[A,B ] is a 
ontrollable pair
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System with Bounded Controls
Additional bound on 
ontrol:

u(t) = dU/dt ∈ P(t).

ẋ(t) = A(t)x(t) + B(t)u(t) + C (t)v(t), t ∈ [t0, t1]. (1)
u(t) =

[

u0(t) · · · us(t)
]

∈ R
m(s+1)
ontrol obje
tive is x(t1) ∈ M
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Choosing Bounds on Control and Disturban
eObje
tive: balan
e bounds on 
ontrol and disturban
es to providethe Mat
hing Condition:
(BP −̇CQ) + CQ = BP (*)Possible Approa
hes:1 Either 
hoose P from (∗)2 or:1 Choose P s.t. BP −̇CQ 6= ∅2 Choose Q̂ ⊇ Q from (∗)
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Choosing Bound on ControlGeneral Case
LemmaFor any set N (t) ∈ conv RangeB(t) there exists asetP(t) ∈ convRm(s+1), su
h that B(t)P(t) = N (t).Let

N (t) = αC (t)Q(t) + N0(t), α ≥ 1,where N0(t) ∈ conv RangeB(t) is an arbitrary set.
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Choosing Bound on ControlA Parti
ular CaseSuppose A(t) ≡ A, B(t) ≡ B , [A,B ] is a 
ontrollable pair:
B(t) ≡ B =

[

B AB · · · AsB
]

.The disturban
e v(t) =
[

v1(t) · · · vr (t)
]

C =
[

k1A
j1B · · · krA

jrB
]

, 0 ≤ j1 < j2 < · · · < jr ≤ s; ki ∈ R.If the hard bound on disturban
e Q is
‖v1(t)‖ ≤ 1, . . . , ‖vs(t)‖ ≤ 1,then the hard bound on 
ontrol may be 
hosen as

‖u0(t)‖ ≤ µ0, . . . , ‖us(t)‖ ≤ µs .The Mat
hing Condition holds when
µj1 ≥ k1, . . . , µjr ≥ kr . 17.09.2011 · COSY-2011 16 / 27



Choosing Bound on Disturban
eDe�nition (Polovinkin, Balashov)
X ∈ convRn is a generating set, if ∀Y ⊆ R

n, s.t. X −̇Y 6= ∅,
∃Z ∈ convRn, s.t. X −̇Y + Z = XNote that

Z ⊇ Yfor X and Z the Mat
hing Condition holdsSuppose P(t) satis�es the 
onditions:1 B(t)P(t) −̇C (t)Q(t) 6= ∅;2 B(t)P(t) is a generating set in RangeB(t).Repla
e the set Q(t) with a larger Q̂(t) ⊇ Q(t), so that theMat
hing Condition holds. 17.09.2011 · COSY-2011 17 / 27



Choosing Bound on Disturban
e
n = 2: any 
losed 
onvex set is a generating set.
n ≥ 3. Let B(t) =

[

B1(t) B2(t)
], where B1(t) ∈ R

n×q has full
olumn rank. Respe
tively, u(t) = [

u1(t) u2(t)
], u1(t) ∈ R

q.De�ne bound on 
ontrol u(t):1 bound of u1 is1 either |(u1)j | ≤ µj2 or ‖u1‖ ≤ µ.2 u2 ∈ P2(t).Then B(t)P(t) will be a generating set. Numbers µj (µ) are
hosen s.t. B1(t)P1(t) −̇C (t)Q(t) 6= ∅.
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Cal
ulating the Control InputsRe
all:
u(t) =

s
∑

j=0

d j+1Uj(t)

dt j+1
, Uj(·) ∈ BV ([t0, t1];R

m)

u(t) =
n

∑

i=1

s
∑

j=0

hi ,jδ
(j)(t − τj),? � the realization of 
ontrol u(t) is not smoothPossible approa
hes:repla
e δ-fun
tions with approximationsapproximate u(t) by smooth fun
tions 17.09.2011 · COSY-2011 19 / 27



Cal
ulating the Control InputsFirst Approa
h
u(t) =

∑n

i=1

∑s

j=0
hi ,j∆

(j)
h
(t − τj),

∆
(0)
h (t) = h−1

1[0,h](t), ∆
(j)
h (t) = h−1

(

∆
(j−1)
h (t)−∆

(j−1)
h (t − h)

)Matrix B(t) is repla
ed with
Mh(t) =

(

M
(0)
h (t) · · · M

(s)
h (t)

)

M
(j)
h

= h−j(I − e−Ah)jM
(0)
h

, M
(0)
h

= h−1
[

∫ h

0 eAtdt
]

B .TheoremLet A(t) ∈ C [t0, t1], B(t) ∈ C s+1[t0, t1].Then Mh(t) ⇉ B(t) with h → 0 uniformly on [t0, t1].Corollary: if rankB(t) ≡ n, then for h → 0 we have
rankMh(t) ≡ n. 17.09.2011 · COSY-2011 20 / 27



Cal
ulating the Control InputsFirst Approa
hNew system
ẋh(t) = A(t)xh(t) + Mh(t)u(t) + C (t)v(t) (2)TheoremLet u(t) ≡ 0, v(t) ≡ 0 for t ∈ (ϑ, ϑ + (s + 1)h]. Then

xh(ϑ+ (s + 1)h) = x(ϑ+ (s + 1)h), where x(t) is the traje
tory ofthe original system under 
ontrol
uh(t) =

s
∑

j=0

∫ t

t0

∆
(j)
h (t − τ)uj(τ)dτ.
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Cal
ulating the Control InputsSe
ond Approa
hApproximate 
omponents of u(t) by smooth fun
tions:
û(t) =

[

û0(t) · · · ûs(t)
]

ûj(t) = h−1

∫ t1

t0

Kj((t − τ)/h)uj(τ)dτ.

Kj(t) = 1[0,1](t)Cj(t(1− t))j+1, Cj =
(2j + 3)!

((j + 1)!)2
.Control input for the original system:

û(t) =

s
∑

j=0

û
(j)
j (t) =

s
∑

j=0

h−(j+1)

∫ t1

t0

K
(j)
j ((t − τ)/h)uj (τ)dτ.17.09.2011 · COSY-2011 22 / 27



ExampleConsider a system
{

ẋ1(t) = x2(t) + v1(t),

ẋ2(t) = u(t) + v2(t),with disturban
e bounds |v1| ≤ µ1, |v2| ≤ µ2.For this system
B(t) =

[

0 1
1 0

]

, Mh(t) =

[

h/2 1
1 0

]

.

17.09.2011 · COSY-2011 23 / 27



ExampleFirst Approa
h. A linear transform û1(t) = hu1(t)/2 + u2(t),
û2(t) = u1(t):

{

ẋh1(t) = xh2(t) + û1(t) + v1(t),

ẋh2(t) = û2(t) + v2(t).Control bounds: |û1| ≤ ν1, |û2| ≤ ν2, with νj ≥ µj .Se
ond Approa
h.
{

ẋ1(t) = x2(t) + u1(t) + v1(t),

ẋ2(t) = u2(t) + v2(t),Control bounds: |u1| ≤ ν1, |u2| ≤ ν2, with νj ≥ µj .17.09.2011 · COSY-2011 24 / 27
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Thank you for attention!
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