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Introduction

Control System

x(t) = A(t)x(t) + B(t)u(t) + C(t)v(t) t € [to, ta]

x € R" — position

u € R™ — control

v € Rk — disturbance (unknown)
[to, t1] — fixed time interval

x(to) = xo — initial position (known)

e ¢ ¢ ¢ ¢ ¢

Constraints:
e u(t) € 2(t)
e v(t) € 2(t)

Control objective: x(t1) € A

©
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Introduction

Solution of the Feedback Control Problem is based on
L. S. Pontryagin’s Alternated Integral

Max-min solvability (backward reachability) set:

W (t by, ) = {x € R" | Vv()3u(") - x(tr; t,x,u(), v(1) € A}

Alternated sums:

f}_[t] = W+(t;’7'1, W+(T1;’7'2,. .. W+(’Tk; tl,L//). . ))

Alternated Integral:
st =751
T
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Introduction

@ Support function of WT[t] (for A(t) = 0):
p(¢| W) = conv{p(ﬁ | M)+
4 / Y (| B P(1)) dt / "ol ) de

@ Convex hull is calculated at each step.
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Introduction

Simple solution for particular cases.

Matching Condition: p(—¢ | B(t)Z2(t)) — p (£ | C(t)2(t))
is convex

Homothety: 22(t) = a(t)2(t), |a(t)| > 1

Convex hull may be omitted:

©

©

©

p (€] W) :m{p(e | ) +

+/ttl,0(—€ | B(t)@(t))dt—/t

t1

p (0] C(H)2(t)) dt}
@ Solution reduces to open-loop constructs:

I[t] = WTt).
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Introduction

Examples:

@ Homothety (= Matching Condition) holds for ;> v:

{kl(t) = x(t),

Xo(t) = u(t) + v(t), lul < p, v <.

@ Matching Condition does not hold for any bound on u:
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Problem

Indicate a class of control inputs that allows to solve the feedback
control problem via open-loop constructs, for control systems
lacking the Matching Condition.
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Fast Controls

o Generalized control (for ty = t1):

S
u(t)=> hoW(t—t;), hieR”
j=0

o For large s, steers a completely controllable system
from xp to x; In zero time.

o Fast Controls are bounded approximations of generalized
controls.
o Steer a completely controllable system
from xg to x; in arbitrarily small time.
o Fast Controls widen the class of problems solvable by
open-loop constructs.
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Solution Scheme

Original System (1)

U’ (formal transition)

System with Generalized Controls (2)

U’ (reduction)

System with Impulse Controls (3)

1} (additional bound on control)

System with Fast Controls (4)

1} (solving the Feedback Control Problem with open-loop constructs)
Bounded control for system (4)

U’ (approximation)

Bounded control for system (1)
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Generalized Controls

General Form

s 0
AU (1)
Jj=0

Ui() € BV([to, t1]; R™)

In particular, in the absence of disturbances

u(t) = i 25: hi j69(t — 7)),

i=1 j=0

° 4(t) =x'(t)
@ h;jj € R™ — direction and amplitude of generalized impulses

o 7; — timings of these impulses
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System with Impulse Controls

System with generalized control inputs reduces to

dx(t) = A(t)x(t)dx(t) + B(t)dU(t) + C(t)v(t)dt

o U() = [Up(t) - Us(0)] € BV(to, a]: 7<) —
Impulse Control
o AB(t) = [Lo(t) --- Ls(t)]
B dLj_l(t)

Lo(t) = B(),  Li(t) = A(t)Lia(2) j=Ts.

dt

o control objective is x(t; +0) € .4
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System with Impulse Controls

Range #(t) O Range B(t) — greater control capabilities

There exists s < n — 1, for which Range %(t) 2 Range C(t) for all

t € [to, ta].
Examples:
o A(t)=A
e B(t)=B

o [A, B] is a controllable pair
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System with Bounded Controls

Additional bound on control:

u(t) = dU/dt € 2(t).

x(t) = A(t)x(t) + B(t)u(t) + C(t)v(t), te [to,t]. (1)

o u(t) = [uo(t) us(t)] € Rm(s+1)
@ control objective is x(t1) € A
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Choosing Bounds on Control and Disturbance

Objective: balance bounds on control and disturbances to provide
the Matching Condition:

(BP-C2)+C2=RBP (*)

Possible Approaches:
O Either choose & from (%)
Q or:

© Choose Z st. BP ~C2#
@ Choose 2 D 2 from (x)
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Choosing Bound on Control
General Case

For any set A(t) € conv Range %(t) there exists a
setP(t) € conv Z™ ), such that B(t)P(t) = N (t).

Let
N (t) = al(t)2(t) + Mo(t), a>1,

where 45(t) € conv Range #(t) is an arbitrary set.
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Choosing Bound on Control

A Particular Case

Suppose A(t) = A, B(t) = B, [A, B] is a controllable pair:

B(t)=B=[B AB --- AB|.
The disturbance v(t) = [vi(t) -+ v (t)]
C=[kAB - KAB], 0<ji<jp<--<j<s keR

If the hard bound on disturbance 2 is
@l <1, ... Jw@)l<1,
then the hard bound on control may be chosen as
Juo(B)] < pos -y Nus(B)]] < pis.
The Matching Condition holds when
Wiy > ki, oo, g > ke
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Choosing Bound on Disturbance

Definition (Polovinkin, Balashov)

2 € convR" is a generating set, if V% CR", s.t. 2 —% # (),
3 € convR", st. X~ +ZF =X

Note that
o ¥XDOW
o for 2" and 2 the Matching Condition holds
Suppose Z(t) satisfies the conditions:
Q B(t)2(t)— C(t)2(t) # 0,
Q A(t)P(t) is a generating set in Range 4(t).
Replace the set 2(t) with a larger 9(t) D 2(t), so that the
Matching Condition holds.
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Choosing Bound on Disturbance

n = 2: any closed convex set is a generating set.
n>3. Let B(t) = [%1(t) Po(t)], where By(t) € R™7 has full
column rank. Respectively, u(t) = [u1(t) ua(t)], ui(t) € RY.
Define bound on control u(t):
© bound of uy is
O either |(u1);] < pj
9 or wff < p.
Q up € F(t).
Then %(t)2(t) will be a generating set. Numbers p; (1) are
chosen s.t. 21(t)21(t) — C(t)2(t) # 0.
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Calculating the Control Inputs

Recall:

<

a1 U1

u(t) = EPTTES RS
j=0

o) =33 (e - 1)

i=1 j=0

Ui(-) € BV([to, t1]; R™)

? — the realization of control u(t) is not smooth

Possible approaches:
o replace d-functions with approximations

@ approximate u(t) by smooth functions
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Calculating the Control Inputs
First Approach

TOED DD SN N ()
AP = i (), AP = h7 (A7) - a7 V(e - n)
Matrix Z(t) is replaced with

(1) = (MO(r) - MO(1)

MY = i = ey m, M = | et B

Let A(t) € Clto, t1], B(t) € CT[to, t1].
Then My(t) = H(t) with h — 0 uniformly on [to, t1].

Corollary: if rank #(t) = n, then for h — 0 we have
rank Zp(t) =



Calculating the Control Inputs
First Approach

New system

() = A(t)xn(t) + Ah(t)u(t) + C(t)v(t) (2)

Theorem

Let u(t) =0, v(t) =0 fort € (9,9 + (s + 1)h]. Then

xp(U0 + (s + 1)h) = x(9 + (s + 1)h), where x(t) is the trajectory of
the original system under control

un(t) =3 / A (t - 7)ui(7)dr.
j=0"1
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Calculating the Control Inputs
Second Approach

Approximate components of u(t) by smooth functions:

) = [io(t) — Bu(0)
) =07 [ Ki((e ) mur)ar

to
(2j +3)!

Ki(t) = 1py(0) G(t(1 — )Y+, G = ()

Control input for the original system:

o(t) = Z (1) Z h=U+D / i KO (£ = 7)/)us(r)dr.

Jj=0 fo
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Consider a system
x1(t) = x(t) + v(t),
x(t) = u(t) + va(t),

with disturbance bounds |vi| < p1, |va| < po.
For this system

B(t) = [‘1) (1)] ///h(t):[h{2 (1)]
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First Approach. A linear transform iy(t) = hui(t)/2 + ua(t),
flg(t) = u1(t):

{khl(t) = xpo(t) + () + va(2),
Xhz(t) = 02(1.') + Vg(t).

Control bounds: |i1| < vy, |iio| < v, with vj > p;.

Second Approach.

Xl(t) = Xz(t) + U]_(t) + V]_(t),
x(t) = w(t) + va(t),

Control bounds: |u1| < vy, |up| < 1o, with vj > p;.
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Example

1 p—)
o8 - -0

realization of control u;(t)

=1 o 1 2 s 4 5 6 7 Kl o 1 2 3 a4 s & 1
t T

First Approach Second Approach
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Thank you for attention!
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