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1. INTRODUCTION

As well known, problems of impulse control had been
among the topics of control theory since its creation, where
they were mostly treated as those of open-loop control
(Krasovski [1957], Neustadt [1964]). However, many recent
applied motivations (hybrid systems, coordinated control,
communication for control,etc.), also require and justify
the application of impulsive inputs. But now the request
is to deal with closed-loop schemes. Similar mathematical
problems, arising in economic models, were indicated by
Bensoussan and Lions [1982].

In contrast with most previous investigations, this paper
deals with the problem of closed-loop impulse control based
on generalization of dynamic programming techniques
in the form of variational inequalities of the Hamilton–
Jacobi–Bellman (HJB) type. Once subjected to closed-
loop impulse controls, the originally linear systems treated
here, become nonlinear. A special feature, described in this
paper, is the application of higher-order impulses which
are derivatives of delta-functions, introduced for open-loop
controls by Kurzhanski and Osipov [1969]. Such “ideal”
controls allow to transfer a controllable system from one
state to another in zero time. They may also serve as
virtual controls for system resets in hybrid system mod-
els. However, these ideal impulse controls are not phys-
ically realizable. In order to ensure their applicability, a
scheme for substituting them by realizable approximations
is introduced, which leads to the description of “fast”
controls that can solve problems of terminal control in
arbitrary small time. This paper gives a concise description
of related theory with examples on damping high-order
oscillating systems to zero in finite time. It is based on
two presentations at the IFAC-2007 conferences in St.
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“Development of Scientific Potential of the Higher School” (RNP
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Petersburg (Kurzhanski [2007], Daryin and Kurzhanski
[2007]).

2. THE IMPULSE CONTROL PROBLEM

Consider the following generalization of the Mayer–Bolza
problem.

Problem 1. Minimize the functional

J(u(·)) = VarU(·) + ϕ(x(t1 + 0)) → inf, (1)

dx(t) = A(t)x(t)dt +B(t)dU(t), t ∈ [t0, t1], (2)

under restriction
x(t0) = x0. (3)

Here VarU(·) is the total variation of function U(·),
over the interval [t0, ϑ], where U(·) ∈ Vp[t0, ϑ] is the
space of vector-valued functions of bounded variation. The
generalized control U(t) attains its values in R

p (which
means that each component Ui(t) is a function of bounded
variation on [t0, ϑ]). The matrix functions A(t) ∈ R

n×n,
B(t) ∈ R

n×p are continuous (or k times differentiable,
k ≤ n − 1, if the solution allows not only delta functions
but also their derivatives of order up to k).

Equation (2) with condition (3) is a symbolic relation for 1

x(t) = G(t, t0)x
0 +

∫ t

t0

G(t, ξ)B(ξ)dU(ξ),

where the last term in the right-hand side is a Stieltjes
integral. The terminal time is fixed and the terminal cost
function ϕ(x) : R

n → R ∪ {∞} is closed and convex. We
assume that functions x(t) and U(t) are left-continuous.

A special selection of ϕ(x) = I (x | {x1}) yields the
problem of steering x(t) from point x0 = x(t0) to point
x1 = x(ϑ) with minimal variation of the control U(t):

VarU(·) → inf,

1 Here G(t, τ) is the fundamental matrix of the system without con-
trol, i.e. the solution to the matrix ODE ∂G(t, τ)/∂t = A(t)G(t, τ)
with initial condition G(τ, τ) = I.



due to system (3), under boundary conditions

x(t0) = x0, x(t1 + 0) = x1. (4)

Problems of the described type have been solved in detail
as those of open-loop control in the class of controls that
allow delta-functions of first order (see Krasovski [1968],
Neustadt [1964]) and those that allow higher derivatives
of delta functions (see Kurzhanski and Osipov [1969],
Kurzhanski [1975], Gusev [1975]). In the present section we
will however seek for solutions in the class of closed-loop
feedback controls. Such a turn would require to develop
a Dynamic Programming approach. But prior to that we
will first indicate the open-loop solutions in the class which
allows delta-functions but not their derivatives.

3. THE OPEN-LOOP CONTROL

Define

V (t0, x
0) = min{J(u(·)) | x(t0) = x0}

as the value function for Problem (1). We shall also use
notation V (t0, x

0) = V (t0, x
0;ϑ, ϕ(·)), emphasizing the

dependence on {ϑ, ϕ(·)}.

Let us start by minimizing

V1(t0, x
0) = V (t0, x

0;ϑ,I (· | {x1})).

Then we first find conditions for solvability of the
boundary-value problem (4) under constraint VarU(·) ≤
µ, with µ given.

Since

〈ℓ, x(ϑ+ 0)〉 = 〈ℓ, x1〉 ≤ 〈ℓ,G(ϑ, t0)x
0〉+

+ max

{

∫ ϑ

t0

〈ℓ,G(ϑ, ξ)B(ξ)dU(ξ)〉 | VarU(·) ≤ µ

}

,

and since the conjugate space for C p[t0, ϑ] is Vp[t0, ϑ],
then, treating functions 〈ℓ,G(ϑ, t)B(t)〉 as elements of
C p[t0, ϑ], we have

〈ℓ, x1〉 ≤ 〈ℓ,G(ϑ, t0)x
0〉 + µ‖BT (·)GT (ϑ, ·)ℓ‖C [t0,ϑ], (5)

whatever be ℓ ∈ R
n.

Here

‖BT (·)GT (ϑ, ·)ℓ‖C [t0,ϑ] = max
t∈[t0,ϑ]

‖BT (t)GT (ϑ, t)ℓ‖ = ‖ℓ‖V ,

where ‖ℓ‖ is the Euclidean norm.

Theorem 1. The problem of steering x(t) from point x0 =
x(t0) to point x1 = x(ϑ) is solvable iff Var{U(·) | [t0, ϑ]} ≤
µ.

The optimal control U0(t) for this problem is of minimal
variation

µ0 = sup

{

〈ℓ, x1 −G(ϑ, t0)x
0〉

‖BT (·)GT (ϑ, ·)ℓ‖C [t0,ϑ]

∣

∣

∣

∣

∣

ℓ ∈ R
n

}

. (6)

Lemma 1. The maximum in (6) is attainable under the
following assumption: system (2) is completely controllable.

Indeed, if µ0 6= 0 and the controllability assumption is
true, then ‖ℓ‖V defines a finite-dimensional norm in R

n

(check this property) and (6) is equivalent to

µ0 = max
‖ℓ‖V ≤1

〈ℓ, x1−G(ϑ, t0)x
0〉 = ‖x1−G(ϑ, t0)x

0‖∗V , (7)

where ‖x‖∗V is the finite-dimensional norm conjugate to
‖ℓ‖V .

Remark 1. Note that under the controllability assumption
we have µ0 = µ0(t0, x

0;ϑ, x1) <∞.

Let ℓ0 be the maximizer in (7). Then from (5), (6) we
observe

µ0 = max

{

∫ ϑ

t0

〈ℓ0, G(ϑ, ξ)B(ξ)dU(ξ)〉

∣

∣

∣

∣

∣

VarU(·) ≤ µ0

}

=

=

∫ ϑ

t0

〈ℓ0, G(ϑ, ξ)B(ξ)dU0(ξ)〉. (8)

This is the maximum principle for impulse controls which
is given in the integral form.

Using the notation ψ[t] = GT (ϑ, t)ℓ, with ψ0[ξ] =
ψ(ξ, ϑ, ℓ0), we can rewrite (8) as

µ0 = max

{

∫ ϑ

t0

〈ψ0[ξ], B(ξ)dU(ξ)〉

∣

∣

∣

∣

∣

VarU(·) ≤ µ0

}

=

=

∫ ϑ

t0

〈ψ0[ξ], B(ξ)dU0(ξ)〉. (9)

Theorem 2. The optimal impulse control U0(·) that min-
imizes the variation VarU(·) satisfies the maximum prin-
ciple (9). With µ0 > 0 and under the controllability
assumption it is also sufficient for the optimality of U0(·).

Remark 2. The optimal control U0(·) of Problem 1.5.4-1
may not be unique.

Denote T (ℓ) = arg maxt{‖BT (t)GT (ϑ, t)ℓ‖ | t ∈ [t0, ϑ]},
which is the set of points τ where

‖BT (τ)GT (ϑ, τ)ℓ‖ = max
t

{‖BT (t)GT (ϑ, t)ℓ‖ | t ∈ [t0, ϑ]}.

Lemma 2. (i) Among the optimal controls U0(·) there
always exists one of type

dU0[t]

dt
=

k
∑

i=1

p(i)δ(t− τi), (10)

where t0 ≤ τ1 < τ2 < . . . < τk ≤ ϑ, p(i) ∈ R
p,

VarU0(·) =

k
∑

i=1

‖p(i)‖ = µ0;

(ii) each of the instants τi ∈ T (ℓ0);

(iii) the number of such instants τi is k ≤ n where n is the
system dimension.

The proof of this Lemma may be found in (Krasovski
[1968], Neustadt [1964]).

A particular case arises under

Assumption 1. The coefficients A,B = const, |A| 6= 0.

Lemma 3. Under Assumption 1 the points τi ∈ T (l0) are
isolated points.

This fact facilitates the calculation of U0(t).

4. THE VALUE FUNCTION AND THE HJB
VARIATIONAL INEQUALITY

Presuming that the starting position is arbitrary, we shall
look for the value function V (t, x), assuming ‖ℓ‖V is
a norm. (As indicated above this is ensured if system



(1) is completely controllable.) Further note that µ0 =
µ0(t, x;ϑ, x1).

We have

V (t, x) = inf{µ0(t, x;ϑ, x1) + ϕ(x1)} =

inf{‖x1 −G(ϑ, t)x‖∗V + ϕ(x1) | x1 ∈ R
n}.

Denote

Φ(x1) = ‖c(x1)‖∗V + ϕ(x1), c(x1) = x1 −G(ϑ, t)x,

and suppose inf{Φ(x1)|x1 ∈ R
n} > −∞. Then, since

‖c(x1)‖ is a norm, we have

Φ∗(0) = max{−Φ(x1) | x1 ∈ R
n} <∞.

Hence 0 ∈ int domΦ∗ which indicates that the level
sets of Φ(x) are compact (closed and bounded). Then
clearly, V (t, x) < ∞, the “infimum” in x1 in the above
is attainable (let it be point x∗) and can be substituted
for “minimum”. This, together with Lemma 2 brings us to
the next conclusion.

Theorem 3. With V (t, x) < ∞ there exists a point x∗

where

min{Φ(x1) | x1 ∈ R
n} = µ0(t, x;ϑ, x∗).

For every starting position {t, x} there exists an open-loop
control U0(·|t, x) of type (10) which steers system (1) from
{t, x} to {ϑ, x∗} while solving Problem 1.

In order to calculate the conjugate of V (t, x) in the second
variable we apply formula

V (t, x) = min
x1∈Rn

max
‖ℓ‖V ≤1

{〈ℓ, x1 −G(ϑ, t)x〉 + ϕ(x1)},

where the min and max are interchangeable (check this
property). Changing the order of these operations and
using the definition of convex conjugate functions we have

V (t, x) = max
‖l‖V ≤1

max
x1∈Rn

{〈ℓ,G(ϑ, t)x− x1〉 − ϕ(x1)} =

= max
ℓ∈Rn

{〈GT (ϑ, t)ℓ, x〉 − ϕ∗(ℓ) − I (ℓ | BV [t, ϑ])}, (11)

with

BV [t, ϑ] = {ℓ | ‖ℓ‖V ≤ 1},

‖ℓ‖V = max
ξ

{‖BT (ξ)GT (ϑ, ξ)ℓ‖ | ξ ∈ [t, ϑ]},

where ‖ℓ‖ is the Euclidean norm. BV [t, ϑ] is a unit ball in
R

n whose definition depends on the interval [t, ϑ].

The last formula yields the following conclusion.

Theorem 4. The value function V (t, x) is convex in x and
its conjugate in the second variable is

V ∗(t, ℓ) = ϕ∗(GT (t, ϑ)ℓ) + I (GT (t, ϑ)ℓ | BV [t, ϑ]). (12)

Theorem 5. The value function V (t, x; t1, ϕ(·)) satisfies
the principle of optimality as a semigroup property: for
any τ ∈ [t, ϑ] the next relation is true

V (t, x) = V (t, x | ϑ, ϕ(·)) = V (t, x | τ, V (τ, · | ϑ, ϕ(·))).

Proof. Applying formulas (11), (12) we have:

V (τ, x | ϑ, ϕ(·)) = max
ℓ∈Rn

{〈ℓ,G(ϑ, τ)x〉−ϕ∗(ℓ)−I (ℓ | BV [τ, ϑ])},

V (t, x | τ, V (τ, ·)) =

= max
ℓ∈Rn

{〈ℓ,G(τ, t)x〉 − V ∗(τ, ℓ) − I (ℓ | B[t, τ ])} =

= max
ℓ∈Rn

{〈ℓ,G(τ, t)x〉 − ϕ∗(ℓ) − I (ℓ | BV [t, τ ])} =

= max
ℓ∈Rn

{〈GT (τ, ϑ)ℓ,G(ϑ, t)x〉 − ϕ∗(GT (τ, ϑ)ℓ)−

− I (GT (τ, ϑ)ℓ | BV [τ, ϑ]) − I (ℓ | BV [t, τ ])}.

After substituting GT (τ, ϑ)ℓ = λ we get

V (t, x | τ, V (τ, ·)) = V (t, x | τ, V (τ, · | ϑ, ϕ(·))) =

= max
λ

{〈λ, x〉−ϕ∗(λ)−I (λ | BV [t, ϑ])} = V (t, x | ϑ, ϕ(·)).

In the last line we presume BV [t, ϑ] = {λ | ‖λ‖V ≤ 1}.

Remark 3. For the specific problem of this section note
that the inequality

V (ϑ, x | ϑ, ϕ(·)) ≤ ϕ(x)

is true, since

V (ϑ, x | ϑ, ϕ(·) = max{〈ℓ, x〉 −ϕ∗(ℓ) | ‖BT (ϑ)ℓ‖ ≤ 1} ≤

≤ max{〈ℓ, x〉 − ϕ∗(ℓ)|ℓ ∈ R
n} ≤ ϕ(x).

This inequality may be even a strict one. Thus, with
ϕ(x) = I (x | {x1}), B(ϑ) = I, we have V (ϑ, x | ϑ, ϕ(·)) =
maxℓ{〈ℓ, x− x1〉 | ‖ℓ‖ ≤ 1} = ‖x− x1‖ < ϕ(x).

The principle of optimality may now be used for deriving
an analogy of the HJB equation. However, here we have
to count on two types of points τ ∈ [t, ϑ], namely, those,
where there is no control (U(t) = const, with t ∈ [τ−ε, τ+
ε] for some ε > 0), and those where there is an impulse
u0δ(t− τ).

In the first case, take t = τ , σ ∈ [0, ε). Then we come to
inequality

v(τ) = V (τ, x) ≤ V (τ + σ,G(τ + σ, τ)x) = v(τ + σ),

where v(σ + τ) is nondecreasing due to the principle of
optimality. Hence V (τ, x) is directionally differentiable at
{τ, x} along {1, A(τ)x} and here

V ′(τ, x; 1, A(τ)x) = dv(σ)/dσ |σ=0 ≥ 0.

With V totally differentiable we have

H1(τ, x, Vt, Vx) =
dV (τ, x)

dτ
=

= Vt(τ, x(τ)) + 〈Vx(τ, x(τ)), A(τ)x〉 ≥ 0.

Further on, in the absence of differentiability the scalar
product will stand for the directional derivative.

In the second case there is a jump at t = τ . Then τ does not
change and we take Vt(τ, x(τ)) = 0. Here denote the jump
as u = αh, where the unit vector h defines the direction of
the jump and α > 0 is the size of the jump.

Now we have

H2(τ, x, 0, Vx) = α min
‖h‖=1

{〈Vx(τ, x), B(τ)h〉 + ‖h‖} = 0,

where the minimizer h0 of unit length gives us the direction
of the jump. The multiplier α > 0 may clearly be omitted.

The size α of the jump then arrives from condition

H1(τ+0, x(τ+0), Vt(τ+0, x(τ+0), Vx(τ+0, x(τ+0))) = 0.

Here x(τ + 0) = x(τ) + B(τ)u0, u0 = αh0, α > 0. With
ϕ(x) ≡ 0 it can also arrive from the calculation α = V (τ +
0, x(τ + 0)) − V (τ, x(τ)).



We have thus found that V (t, x) must satisfy the relation
(a quasi-variational inequality)

min{H1(t, x, Vt, Vx), H2(t, x, Vt, Vx)} = 0,

under boundary condition

V (ϑ, x) = V (ϑ, x | ϑ, ϕ(ϑ)). (13)

In the general case V (t, x) may be always treated as
a generalized (viscosity-type) solution (see Fleming and
Soner [1993]).

The last conclusions are now summarized as follows.

Theorem 6. The value function is a solution (generalized
or classical) of the HJB-type equation

min{H1(t, x, Vt, Vx), H2(t, x, Vt, Vx)} = 0, (14)

under boundary condition (13), where

H1(t, x,q, p) = q + 〈p, A(t)x〉,

H2(t, x,q, p) = min
h

{〈p, B(t)h〉 + ‖h‖
∣

∣ ‖h‖ ≤ 1}.

Denote H 0 = arg minh{〈p, B(t)h〉 + ‖h‖
∣

∣ ‖h‖ ≤ 1}.

Theorem 7. The synthesizing control is U 0(t, x), where we
have:

(i) if H2(t, x, Vt, Vx) > 0, then U 0(t, x) = {0};

(ii) if H2(t, x, Vt, Vx) = 0, then U 0(t, x) = {u0 = αh | h ∈
H 0},

with (ii) taken underH2(t, x(t+0), Vt(t, x(t+0)), Vx(t, x(t+
0))) = 0,

and with H1(t, x(t+ 0), Vt(t, x(t+ 0)), Vx(t, x(t+ 0))) = 0,
x(t+ 0) = x+ αB(t)h.

These theorems are illustrated in the next lines.

Example 1. Consider the problem of minimizing VarU(·)
due to equation

dx = b(t)dU, x(0) = x, x(2) = 0, b(t) = 1 − (1 − t)2.

Here x ∈ R, t ∈ [0, 2]. Following theorems 6, 7, we have

V (t, x) = max
ℓ∈Rn

〈ℓ,−x〉

max
ξ∈[t,2]

|b(ξ)ℓ|
=

=
|x|

max
ξ∈[t,2]

b(ξ)
=

{

|x|b−1(1), t < 1,
|x|b−1(t), t > 1.

Let τ = 1. Consider the following cases:

(1) With t < τ we have Vt(t, x) = 0, Vx(t, x) =
sign |x|b−1(t), so that H1(t, x, Vt, Vx) = Vt(t, x) = 0
and

H2(t, x, Vt, Vx) = 1−|b(t)Vx| = 1−
b(t)

b(1)
= (1−t)2 > 0.

There are no jumps at these points.
(2) With t > τ we have

Vt(t, x) =
2(t− 1)|x|

t2(2 − t2)
, Vx(t, x) =

signx

b(t)
.

Here H1(t, x, Vt, Vx) = Vt(t, x) > 0 with x 6= 0,
while H1(t, x, Vt, Vx) = 0 with x = 0 and

H2(t, x, Vt(t, x), Vx(t, x)) = 1 − |b(t)Vx| =

= 1 − b(t)b−1(t) = 0, ∀x.

Therefore, if we start moving at t∗ > τ , then
there must be an immediate jump to zero with u0 =
−x(t∗)δ(t− t∗).

(3) With t = τ we have

b(τ) = 1, V (τ, x) = |x|b−1(τ) = |x|,

Vt(τ, x) = 0, Vx(τ, x) = signx,

while

H2(τ, x(τ + 0), Vt(τ, x(τ + 0)), Vx(τ, x(τ + 0))) =

= min
h

{〈signx, h〉 + 1} = h0 + 1 = 0,

and

V (τ, x(τ)) − V (τ, x(τ + 0)) = α = |x|,

H1(τ+0, x(τ+0), Vt(τ, x(τ+0)), Vx(τ, x(τ+0))) = 0.

There is a jump u0 = −xδ(t− τ).

Finally, the synthesized system now looks like

dx/dt = −b(t)xδ(t− τ) or dx = −b(t)xdU0(t, τ), (15)

where U0(t, τ) = 1τ (t). (Recall that 1τ (t) = 0, if t ∈ [0, τ ]
and 1τ (t) = 1, if t ∈ (τ, 2].)

The solution to symbolic equations (15) is given by the
Lebesgue–Stieltjes integral (see Riesz and Sz-.Nagy [1972])
equation

x(t) = x+

t
∫

0

b(t)x(t)dU0(t, τ),

where x(t) is a left-continuous function.

It now just remains to interpret the synthesized equation
in the general case. This will be done at the end of the
section after discussing approximate solutions to impulse
controls.

5. PHYSICALLY REALIZABLE APPROXIMATE
SOLUTIONS

The impulse controls introduced above are “ideal” ele-
ments. In order to allow a physical realization of the re-
spective schemes we introduce the next “realistic” scheme.
Here the original control will be subjected to an additional
hard bound on the length of the control vector, while the
bounding parameter may tend to infinity.

Problem 2. Consider Problem 1 under additional con-
straint u(t) ∈ Bµ0(0), so that there arrives the next
problem: find

J(t0, x
0|u(·)) =

∫ ϑ

t0

‖u(t)‖dt+ ϕ(x(ϑ)) → inf,

ẋ(t) =A(t)x(t) +B(t)u(t), t ∈ [t0, t1],

x(t0) = x0, ‖u(t)‖ ≤ µ0.

The solution to this problem exists since the set of
all admissible controls u(·) is now weakly compact in
L2([t0, t1]; R

p) and convex, while the cost functional
J(u(·)) is weakly lower semicontinuous and convex.

The value function for the last problem is

V (t, x, µ) = min
u
J(t, x|u(·)).



Theorem 8. The value function V (t, x) is a solution to the
HJB equation

Vt + min
‖u‖≤µ

{〈Vx, A(t)x(t) +B(t)u〉 + ‖u‖〉} = 0. (16)

with boundary condition

V (ϑ, x, µ) = ϕ(ϑ, x).

As we shall see, V (t, x, µ) is directionally differentiable at
each position {t, x}, so that it satisfies equation (16) for
all t.

Function V (t, x, µ) may be calculated through methods of
convex analysis.

Indeed, after applying the min-max theorem (Fan Ky
[1953]) and a permutation of the minimum in u with the
integral, we have

V (t, x, µ) = min
‖u‖≤µ

max
ℓ∈Rn

{
∫ ϑ

t

(‖u(ξ)‖+

+ 〈ℓ,G(ϑ, ξ)B(ξ)u(ξ)〉)dξ − 〈ℓ,G(ϑ, t)x〉 − ϕ∗(ℓ)

}

=

= max
ℓ∈Rn

{ϕ(t, x, ℓ) − 〈ℓ,G(ϑ, t)x〉 − ϕ∗(ℓ)}

where

ϕ(t, x, ℓ) =

∫ ϑ

t

min
u

{〈ℓ,G(ϑ, t)B(s)u〉 + ‖u‖ | ‖u‖ ≤ µ}ds.

Here the subproblem

h(s, ℓ) = min
‖u‖≤µ

{〈ψ[s], B(s)u〉 + ‖u‖}

where ψ[s] = ℓG(ϑ, s), has the solution

h(s, ℓ) =

{

0 if ‖BT (s)ψ[s]‖ ≤ 1
µ(1 − ‖BT (s)ψ[s]‖) if ‖BT (s)ψ[s]‖ > 1,

This yields

Lemma 4. The value function is

V (t, x, µ) = max
ℓ∈Rn

{

〈ℓ,G(ϑ, t)x〉−

− µ

∫ ϑ

t

{‖ψ[s]B(s)‖ − 1}+ds− ϕ∗(ℓ)

}

=

= max
ℓ∈Rn

{〈ψ[t], x〉 + ϕ(t, x, ℓ) − ϕ∗(ℓ)},

where

{c}+ =

{

c, c > 0

0, c ≤ 0.
.

Lemma 5. (1) Function V (t, x, µ) satisfies equation (16).
(2) With µ → ∞ function V (t, x, µ) converges pointwise

to V (t, x) of (11).
(3) With µ → ∞ the HJB equation (16)) converges to

equation (14).

Lemma 6. The conjugate function to V (t, x, µ) in the
second variable is

V ∗(t, ℓ, µ) = µ

∫ ϑ

t

{‖BT (s)GT (t, s)ℓ‖−1}++ϕ∗(GT (t, ϑ)ℓ).

The last formula is derived through direct calculation.

The control strategy u0(t, x, µ) for Problem 1 arrives from
the next subproblem

U
0(t, x, µ) = arg min

u

{〈

∂V (t, x, µ)

∂x
,B(t)u

〉

+ ‖u‖

}

This gives (BT (t)Vx(t, x, µ) = c(t, x, µ))

U
0(t, x, µ) =







0, ‖c(t, x, µ)‖ ≤ 1;

[0,−µc(t, x, µ)] , ‖c(t, x, µ)‖ = 1;

−µc(t, x, µ)/‖c(t, x, µ)‖, ‖c(t, x, µ)‖ > 1.

Theorem 9. The closed-loop solution to Problem 2 is given
by U 0(t, x, µ) and the optimal trajectories emanating from
{t, x} satisfy the differential inclusion

dx

ds
= A(s)x+B(s)U 0(s, x, µ), (17)

Here set-valued function U 0(s, x, µ) is upper semicontin-
uous in {s, x}. Therefore a solution to (17) exists.

Suppose x[s] is a solution to (17) emanating from {t, x}.
Denote u0(s, x[s], µ) ∈ U 0(s, x[s], µ) to be a measurable
selector of U 0(s, x[s], µ) and continuous function U0[s, µ]
such that dU0(s, x[s], µ)/ds = u0(s, x[s], µ)ds a.e.

Then xµ[s] will also be a solution to the Stieltjes integral
equation

xµ[s] = G(s, t)x +

∫ s

t

G(s, ξ)B(ξ)dU0[ξ, µ].

A limit transition to the ideal case is possible through the
following scheme (B = const).

At interval where, where u0(s + 0, x[s], µ) = 0 take
U0[s, µ] = const, while at switching point s∗ from u0 = 0
to u0 = µ take U0[s, µ] = U0[s∗, µ] + |hµ|µ−1(s − s∗),
throughout interval s ∈ (s∗, s∗ + θ], having µθ = |hµ|;
then, for s ≥ s∗ + θ, take U0[s, µ] ≡ U0[s∗, µ] + |hµ|θ−1

until the next switching. (A similar move, with change of
|hµ| to −|hµ|, should be made at switching point s∗ from
u0 = 0 to u0 = −µ).

Then, if µ → ∞, θ → 0, hµ → h0 we will have weak
convergence of U0[s, µ] to piecewise constant function
U0[s] of the ideal case, with dU0[s, µ]/dt converging to
|hµ|δ(s− s∗).

The weak limits of trajectories xµ[s] will be the optimal
trajectories for the original Problem 1.

Another version of formalizing the limit transition from
approximating Problem 2 to Problem 1 is as follows.

5.1 The approximating motions

Definition 1. The pair of functions

Υ = {u(t, x;µ), θ(t, x;µ)}

(“magnitude” and “duration”), is said to be a feedback
control strategy for Problem 2 if

u(t, x;µ) ∈ ∂Bµ(0) ∪ {0}, and u(t, x;µ)
w
→

µ→∞
u∞(t, x),

θ(t, x;µ) ≥ 0, and µθ(t, x;µ) →
µ→∞

m∞(t, x).

The component u(t, x;µ) is the direction of the control
impulse which is issued on interval [t, t + θ(t, x;µ)]. Note
that as µ → ∞, θ → 0 and in the limit one has a delta-
function of direction u∞(t, x) and size m∞(t, x) as control.

Definition 2. Fix a control strategy Υ, number µ > 0 and
a partition t0 = τ0 < τ1 < . . . < τs = t1 of interval [t0, t1].



An approximating motion of system (2) is the solution to
the differential equation

τi = τi ∧ θ(τi−1, x∆(τi−1);µ),

ẋ∆(τ) = µB(t)u(τi−1, x∆(τi−1);µ),

τi−1 < τ < τ∗i , x∆(τi) = x∆(τ∗i ).

Number σ = max{τi − τi−1} is the diameter of the
partition.

Definition 3. A constructive motion of system (2) under
feedback control Υ is a piecewise continuous function x(t),
which is the pointwise limit of approximating motions
x∆(t) as µ → ∞ and σ → 0.

Suppose that the on-line position of system (2) is {t, x},
and from 13 it follows that control has a jump h̄δ(t −
t̄). Then the feedback strategy pair ū = u(t̄, x̄;µ), θ̄ =
θ(t̄, x̄;µ) is to be chosen such that

B(t)h̄ = µ

[
∫ t̄+θ̄

t̄

B(t)dt

]

ū.

In the limit this yields u(t̄, x̄;µ) → h̄/‖h̄‖ and µθ(t̄, x̄;µ) →
‖h̄‖ with µ→ ∞.

That is, an impulse h̄δ(t−t̄) is approximated by a platform
of height (magnitude) µ, direction h̄ and width (duration)
µ−1‖h̄‖.

6. THE GENERALIZED PROBLEM

Consider system

ẋ(t) = A(t)x(t) + B(t)u(t). (18)

Here u(t) ∈ R
m is generalized control in the sense defined

below. Matrix function A(t) ∈ R
n×n and B(t) ∈ R

n×m are
now k times differentiable on interval α ≤ t ≤ β.

The generalized control u(t) is chosen from the space
D∗

k,m[α, β] of linear functionals on normed linear space

Dk,m[α, β] (Gelfand and Shilov [1964], Schwartz [1950]).
The latter consists of k times differentiable functions ϕ(t) :
[α, β] → R

m with support set contained in [α, β], endowed
with a norm

G [ϕ] = max
t∈[α,β]

γ[γ0(ϕ(t)), γ1(ϕ
′(t)), . . . , γk(ϕ(k)(t))].

Here γk, γ are some finite-dimensional norms in vector
spaces R

m and R
k+1 respectively.

The norm G [ϕ] defines a conjugate norm G ∗[u] in the space
D∗

k,m[α, β]. The control is then a distribution of order

ku ≤ k, and the trajectories of (18) are distributions from
D∗

k−1,n[α, β].

Recall that distribution u ∈ D∗
k,m[α, β] contained on

interval [tα, tβ ] may be represented as Gelfand and Shilov
[1964]

〈u, ϕ〉 =

k
∑

j=0

∫ β

α

djϕ

dtj
dUj(t),

where Uj are functions of bounded variation from Vm[α, β],
taking values in R

m, constant on intervals α ≤ t ≤ tα and
tβ < t < β.

Let f (α) and f (β) be two distributions from D∗
k,n[α, β]

concentrated in points tα and tβ respectively. These dis-
tributions may be represented as

f (α) =
k

∑

j=0

αjδ
(j)(t− tα), f (β) =

k
∑

j=0

βjδ
(j)(t− tβ). (19)

We call f (α) the initial, and f (β) the terminal distribution.

An admissible control u(t) is a distribution fromD∗
k,m[α, β],

contained in interval [tα, tβ ], where α < tα ≤ tβ < β,
ensuring the existence of distribution x(t) ∈ D∗

k−1,n[α, β]
which solves equation

ẋ(t) = A(t)x +B(t)u + f (α) − f (β). (20)

Here the unique solution to equation (20) is

x = G(t, tα)

∫ t

tα

G(tα, s)
[

B(s)u+ f (α) − f (β)
]

ds.

The symbol
∫ t

tα
gds of integral with variable upper bound-

ary of distribution g is defined by equality
〈

∫

tα

gds, ϕ

〉

=

〈

g,

∫ β

t

[

ϕ0(s)

∫ β

α

ϕ(τ)dτ − ϕ(s)

]

ds

〉

,

where ϕ is an arbitrary distribution from Dk,n[α, β], and
ϕ0 ∈ Dk,n[α, β] is contained in [α, tα) and ∈tα

α ϕ0(s)ds =

1. The value of integral
∫ t

tα
gds does not depend on ϕ0

provided that g is contained in [tα, tβ ].

We are now ready to formulate an analogue of Mayer–
Bolza problem for generalized controls:

Problem 3. For a given distribution f (α) and fixed time
interval [tα, tβ ], find a distribution f (β) and an admissible
control u(t) ∈ D∗

k,m[α, β] minimizing the functional

J(u, f (β)) = G
∗[u] + ϕ(f (β)) → min . (21)

Here ϕ(f) is a proper convex closed function, bounded
from below.

Symbolic notation ϕ(f (β)) means that terminal function
ϕ depends on vectors β0, . . . , βk in (19).

7. REDUCTION TO “ORDINARY” IMPULSE
CONTROL

The generalized control problem 3 may be reduced to al-
ready studied problem of impulse control — Problem 1 —
as follows (see Kurzhanski and Osipov [1969] for details).

Define functions Lj(t) by recurrence relations

L0(t) = B(t), Lj(t) = A(t)Lj−1(t)−
dLj−1(t)

dt
, j = 1, k

(22)
and form a matrix B(t) = (L0(t) L1(t) · · · Lk(t)). For a
given vector h ∈ R

m, vector Lj(τ)h is equal to the jump
of trajectory of system (18) at time τ when the control is
(−1)jhδ(j)(t− τ).

The controls U(t) =
(

UT
0 (t) UT

1 (t) · · · UT
k (t)

)T
are cho-

sen from the class Vm(k+1)[tα, tβ ] of functions of bounded
variations (each of functions Uj(t), j = 0, . . . , k takes
values in R

m). Define norm in this space as variation

Var{U(·) | [tα, tβ ],γ∗[·]} = sup
∑

i

γ
∗[U(ti+1) − U(ti)],

γ
∗(U) = γ∗ [γ∗0 [U0], . . . , γ

∗
k [Uk]]



(here ∗ denotes respective conjugate norms). Then the
corresponding control in Problem 3 is

u(t) =

k
∑

j=0

(−1)j d
j+1Uj

dtj+1
, G

∗[u] = Var{U(·) | [tα, tβ],γ∗[·]}.

Finally we define the end point of the trajectory xα =

x(tα) =
∑k

j=0 LA,j(tα)αj and a terminal functional

Φ(x) = min
{

ϕ(f (β))
∣

∣

∣

∑k
j=0 LA,j(tβ)βj = x

}

, where LA,j(t)

is defined by recurrence relations similar to (22) but with
initial condition LA,0(t) = I.

Problem 4. Find a control U(·) ∈ Vm(k+1)[tα, tβ] minimiz-
ing the functional

J(U(·)) = Var{U(·) | [tα, tβ ],γ∗[·]} + Φ(x(tβ + 0))

along the trajectories of

dx(t) = A(t)x(t)dt + B(t)dU(t), x(tα) = xα.

Remark 4. Our scheme allows imposing additional con-
straint on control of type dUj ∈ Kj, where Kj are closed
convex cones. For example, this includes the case of uni-
lateral impulse controls.

8. THE OPEN-LOOP CONTROL

In this section, we shall look for

µ0 = µ0(tα, f
(α); tβ , f

(β)) = min{G ∗[u]},

which is the minimum value in Problem (3) with φ(f) =
I (f |{f (β)}), i.e. the minimum norm of the generalized
control steering the system to zero with initial distribution
f (α) and terminal distribution f (β).

A generalized control u is admissible if and only if it solves
the following problem of moments:

〈(G(tα, ·)B(·))i, u〉 =
〈

(G(tα, ·))i, f
(β) − f (α)

〉

, (23)

for i = 1, . . . , n, where index i denotes i-th row of the
corresponding matrix.

By introducing notation

h(i) = (G(tα, ·)B(·))i, ci =
〈

(G(tα, ·))i, f
(β) − f (α)

〉

we rewrite (23) in a shorter form

〈h(i), u〉 = ci, i = 1, . . . , n. (24)

If a distribution u solves (24), then for each ℓ ∈ R
n we

have
〈

n
∑

i=1

h(i)ℓi, u

〉

=
n

∑

i=1

ciℓi,

and by definition of conjugate norm G ∗ we get inequality

G

[

n
∑

i=1

h(i)ℓi

]

G
∗[u] ≥

n
∑

i=1

ciℓi. (25)

Note that
∑n

i=1 h
(i)ℓi = BT (·)GT (tα, ·)ℓ. Since both sides

of (25) are positive homogeneous, we can consider only
vectors ℓ with γ[ℓ] = 1.

From (25) we see that the optimal value µ0 is

µ0 = inf G
∗[u] = sup

γ[ℓ]=1

∑n
i=1 ciℓi

G [BT (·)GT (tα, ·)ℓ]
. (26)

If µ0 is finite, the supremum in (26) is attained on some
vector ℓ0. The optimal control u0 should then turn (25)
into equality, which means that
〈

BT (·)GT (tα, ·)ℓ
0, u0

〉

= max
G ∗[u]≤µ0

〈

BT (·)GT (tα, ·)ℓ
0, u

〉

.

Denoting ψ0(t) = GT (tα, t)ℓ
0, we come to the maximum

principle for generalized controls
〈

ψ0, Bu0
〉

= max
G ∗[u]≤µ0

〈

ψ0, Bu
〉

.

Remark 5. Recall that the norm G
[
∑n

i=1 h
(i)ℓi

]

depends

on derivatives of functions h(i) up to order k. These
derivatives may be expressed as

djh(i)(t)

dtj
= G(tα, t)Lj(t)

with matrix functions Lj defined by (22).

We now formulate two statements on the structure of
optimal controls.

Theorem 10. If there exist optimal controls in Problem 3,
among them there will be necessarily a control of form

u0(t) =
r

∑

s=1

k
∑

j=0

q(s,j)δ(j)(t− τk) (27)

with r ≤ n (the number of generalized impulses is not
greater than the dimension of the system),

r
∑

s=1

γ∗
[

γ∗0 [q(s,0)], . . . , γ∗k [q(s,k)]
]

= µ0

and the times τs of generalized impulses satisfying

γ
[

γ0[L
T
0 (τs)G

T (tα, τs)ℓ
0], . . . , γk[LT

k (τs)G
T (tα, τs)ℓ

0]
]

=

= max
t∈[tα,tβ ]

γ
[

γ0[L
T
0 (t)GT (tα, t)ℓ

0], . . . , γk[LT
k (t)GT (tα, t)ℓ

0]
]

.

Representation of control (27) has at most (k + 1)n
individual generalized impulses (i.e. terms δ(j)(t − τs)).
However, for a specific choice of norms γ, γj this number
may be reduced to n.

Theorem 11. (i) Assume that norm γ is γ[a] = max
i=1,...,k

gi|ai|.

Then there exists an optimal control of form (27) which
at most n non-zero vectors q(s,j).

(ii) Assume further that all norms γj have form γj [a] =
max

i=1,...,m
gi

j|ai|. The there exists an optimal control of form

(27) such that the number of non-zero coordinates of

vectors q(s,j), q
(s,j)
i , is not greater than n (i.e. the control

consists of at most n scalar generalized impulses).

The proof of Theorem (11) is based on the fact that the
conjugate norms have form γ∗[a] = g−1

0 |a0|+ · · ·+g−1
k |ak|,

i.e. individual coefficients q
(s,j)
i contribute to total norm

of control independently.

9. THE HJB VARIATIONAL INEQUALITY AND THE
SYNTHESIZED CONTROL

As we indicated above, the generalized control problem
may be reduced to the impulse control problem (Prob-
lem 4). Therefore we immediately get the HJB variational
inequality for the value function



V (tα, x
α; tβ , ϕ(·)) = min

u
{G ∗[u] + ϕ(f (β))} =

= min
f(β)

{µ0(tα, f
(α); tβ , f

(β)}.

Theorem 12. The value function is a solution to the vari-
ational inequality of HJB type

min{H1(t, x, Vt, Vx), H2(t, x, Vt, Vx)} = 0, (28)

with boundary condition V (tβ , x) = V (tβ , x; tβ ,Φ(·)),
where

H1(t, x,q,p) = q + 〈p, A(t)x〉,

H2(t, x,q,p) = min
γ∗(h)=1

{〈p,Bh〉 + γ
∗(h)} = 1 − γ(BT p).

Basing on (28), we derive the following synthesizing con-
trol:

(1) ifH2(t, x, Vt, Vx) > 0, then necessarilyH1(t, x, Vt, Vx) =
0 and the control does not have a generalized impulse
at time t;

(2) if H2(t, x, Vt, Vx) = 0, then the control may have
(must, if H1 > 0) a generalized impulse at time t,
i.e.

u0(τ) = . . .+ (−α)
k

∑

j=0

LT
j (τ)Vxδ

(j)(t− τ) + . . . ,

where the multiplier α satisfied two conditions:
(a) H1(t, x(t + 0), Vt, Vx) = 0 (i.e. the position after

generalized impulse does not require an addi-
tional generalized impulse);

(b) the vector BT (t)Vx does not change on the inter-
val [x, x(t + 0)).

Here x(t + 0) = x − αB(t)BT (t)Vx is the state
coordinate after generalized impulse.

10. CONTROL SYNTHESIS FOR A TERMINAL
COST FUNCTIONAL

Now we replace the Maier–Bolza function (21) in Prob-
lem 3 with a purely terminal functional, and impose con-
straint on control norm

G
∗[u] ≤ kα. (29)

Since in such problem the state is not completely described
by vector x, we introduce an additional state variable k by
equations

k(t) = kα − G
∗[u[α,t)], k(t+ 0) = kα − G

∗[u[α,t]].

Here u[α,t)] restriction of u to interval [α, t), i.e. a distri-
bution contained on [α, t) such that distribution u− u[α,t)

is zero on [α, t). Note that by construction k(t) is a left-
continuous, non-increasing function of bounded variation.

The integral-type constraint (29) is thus replaced with a
state constraint k(t) ≥ 0 (or with an equivalent terminal
constraint k(tβ + 0) ≥ 0).

We shall use the following terminal functional:

J(u, f (β)) = φ(f (β), k(tβ + 0)) = d(x(β),M (k(tβ + 0))),
(30)

where x(β) =
∑k

j=0 LA,jβj is the “end point” of the

trajectory x(t) (recall that x(t) is a distribution).

In (30), d stands for Euclidean distance, and M (k) is a
set-valued function with the following properties:

(1) M (k) = ∅ when k < 0;
(2) M (k) are non-empty convex compact sets when k ≥

0;
(3) the function M (k) is non-decreasing with respect to

inclusion, i.e. M (k1) ⊆ M (k2) for k1 ≤ k2.

The set of states M = {(x, k) ∈ R
n+1 | x ∈ M (k)} is the

terminal target set. Individual sets M (k) are cross-sections
of M at constant values of k.

An important particular case is that of steering the tra-
jectory to a prescribed set M ⊆ R

n under constraint (29).
For such case one should choose M (k) = M for k ≥ 0 and
M (k) = ∅ for k < 0.

Note that due to property 1, M lies entirely in the half-
space {k ≥ 0}, so that if a trajectory has its end point
in M , then the constraint (29) is automatically satisfied.
In the case M (k) = ∅ we define d(x,M (k)) = ∞ for
all x ∈ R

n, so that any trajectory minimizing (30) also
satisfied (29).

Problem 5. For a given distribution f (α), bound on control
norm kα and terminal target set M , find a distribution
f (β) and an admissible control u ∈ D∗

k,m[α, β] minimizing

the functional (30).

10.1 An Equivalent Impulse Control Problem

We now formulate an impulse control problem which is
equivalent to Problem 5.

Problem 6. Find a control U(·) ∈ Vm(k+1)[tα, tβ ] minimiz-
ing the functional

J(U(·)) = φ(x(tβ+0), k(tβ+0)) = d(x(tβ+0),M (k(tβ+0))).

where x(t) is the trajectory of the system
{

dx(t) = A(t)x(t)dt + B(t)dU(t),
dk(t) = −γ

∗(dU(t)),

with initial condition x(tα) = xα, k(tα) = kα. (As men-
tioned above, constraint (29) is implied by the functional.)

Note that the results on the number of impulses are still
valid for the terminal control problem. Indeed, suppose
that u is an optimal generalized control with norm G ∗[u] =
kα − k(tβ + 0) and end point xβ . Then we can find a
control ũ with the same norm and end point, but having
the number of generalized impulses not greater than n (or
with the number of scalar impulses not greater than n
in the case of corresponding norms). Since the norm and
the end point do not change, so does not the value of the
functional which means that ũ is also an optimal control.

11. THE HJB VARIATIONAL INEQUALITY

We introduce the value function

V (tα, x
α, kα; tβ , φ(·, ·)) = min

u
φ(f (β), k(tβ + 0)),

Using the equivalent impulse control problem, we get the
following result:

Theorem 13. which is the solution to the following HJB
variational inequality:

min{H1(t, x, k, Vt, Vx, Vk), H2(t, x, k, Vt, Vx, Vk)} = 0,

with boundary condition V (tβ , x, k) = V (tβ , x, k; tβ , φ(·, ·)),
where



H1(t, x, k,q,p,κ) = q + 〈p, A(t)x〉,

H2(t, x, k,q,p,κ) = min
γ∗(h)=1

{〈p,B(t)h〉 − γ
∗(h)κ}

= κ − γ(BT (t)p).

Now we calculate the value function. For a shorter nota-
tion, VarU(·) stands for Var{U(·) | [tα, tβ ],γ∗[·]}.

V (tα, x
α, kα) = min

Var U(·)≤kα

φ(x(tβ + 0), k(tβ + 0)) =

= min
0≤kβ≤kα

min
Var U(·)≤kα−kβ

φ(x(tβ + 0), kβ) =

= min
0≤kβ≤kα

min
Var≤kα−kβ

sup
ℓ∈Rn

{〈x(tβ + 0), ℓ〉 − φ∗(ℓ, kβ)}.

Here asterisk denotes convex conjugation in variable x.

V (tα, x
α, kα) =

= min
0≤kβ≤kα

min
Var U(·)≤kα−kβ

sup
ℓ∈Rn

{

〈ℓ,G(tβ , tα)xα〉+

+

∫ tβ+0

tα

〈ℓ,G(tβ , t)B(t)dU(t)〉 − φ∗(ℓ, kβ)
}

.

The value in the braces is linear (and hence convex) in
U(·), concave in ℓ. Therefore, we can switch the minimum
in U(·) and supremum in ℓ:

V (tα, x
α, kα) = min

0≤kβ≤kα

sup
ℓ∈Rn

{

〈ℓ,G(tβ , tα)xα〉−

max
Var U(·)≤kα−kβ

∫ tβ+0

tα

〈ℓ,−G(tβ , t)B(t)dU(t)〉−φ∗(ℓ, kβ)
}

.

The maximum over U(·) here is the support function of
Xkα−kβ

[tβ , tα] is the reach set of the impulse system under
constraint Var{U(·) | [tα, tβ ],γ∗[·]} ≤ kα − kβ . Note that
due to linearity, Xµ[tα, tβ ] = µX1[tα, tβ].

V (tα, x
α, kα) = min

0≤kβ≤kα

sup
ℓ∈Rn

{

〈ℓ,G(tβ , tα)xα〉−

− (kα − kβ)ρ(ℓ | −X1[tα, tβ ]) − φ∗(ℓ, kβ)
}

.

We now return to our particular case φ(x, k) = d(x,M (k)).
Then φ∗(ℓ, k) = ρ(ℓ | M (k)) + I (ℓ | B1) and we get

V (tα, x
α, kα) = min

0≤kβ≤kα

sup
‖ℓ‖≤1

{

〈ℓ,G(tβ , tα)xα〉−

− ρ (ℓ | M (kβ) − (kα − kβ)X1[tα, tβ])
}

=

= min
0≤kβ≤kα

d(G(tβ , tα)xα,M (kβ)− (kα − kβ)X1[tα, tβ ]) =

= d

(

G(tβ , tα)xα,
⋃

0≤kβ≤kα

[

M (kβ)−(kα−kβ)X1[tα, tβ ]
]

)

.

(31)

The set

W [tα, kα] = W (tα, kα; tβ ,M ) =

=
⋃

0≤kβ≤kα

[

G(tα, tβ)M (kβ) − (kα − kβ)X1[tβ , tα]
]

(32)

is a cross-section of the backward reachability set from
M , also called the solvability domain. It consists of all
initial points x, from which the terminal target set M

is reachable under constraint (29). We have proven the
following statement:

Theorem 14. The backward reachability set and the value
function are related by

V (t, x, k) = d(G(tβ , t)x,G(tβ , t)W [t, k]),

W [t, k] = {x | V (t, x, k) ≤ 0}.

Denote by k0
β = k0

β(tα, x
α, kα) the minimizer in (31).

The supremum in ℓ is then attained on some vector
ℓ0 = ℓ0(tα, x

α, kα) (which is unique if V > 0, i.e.
xα 6∈ W [tα, kα]). If the pair (k0

β , ℓ
0) is unique, the partial

derivatives of V are calculated as

Vx = GT (tβ , t)ℓ
0, Vk = −ρ(ℓ | −X1[t, tβ ]).

The control synthesis is then constructed as follows. In
each state (t, x, k):

(1) If H2 > 0, then necessarily H1 = 0 and the control
has no generalized impulse in this state.

(2) If H2 = 0, then the control may have a jump of form

u0(τ) = . . .+(−α)
k

∑

j=0

LT
j (τ)GT (tβ , t)ℓ

0δ(j)(t−τ)+. . . ,

The multiplier is chosen such that
(a) H1 = 0 in state (t, x(t + 0), k(t + 0)), i.e. no

additional generalized impulse is required after
the jump;

(b) V (t, x(t + 0), k(t+ 0)) = V (t, x, k), i.e. the value
function does not change during the jump. (In
particular, trajectories must not leave the back-
ward reach set.)

In the case when ℓ0 is not unique, one should replace the
corresponding partial derivatives and scalar products with
directional derivatives. In particular, then ℓ0 is chosen from
the subdifferential of V .

Since the direction of the generalized impulse is based on
the maximizer ℓ0, the described control strategy may be
interpreted as “aiming” at sets W [t, k].

Note that the maximizer ℓ0 together with vector xα satisfy
the transversality condition

d(G(tβ , tα)xα,Z ) + ρ(ℓ0 | Z ) = 〈G(tβ , tα)xα, ℓ0〉,

Z = M (kβ) − (kα − k0
β)X1[tα, tβ],

which follows from the definition of the convex conjugate
function.

12. EQUATIONS OF THE BACKWARD REACH SET

Theorem 15. The backward reach set satisfies the follow-
ing properties:

W1. W [tβ , k] ⊇ M [k];
W2. W [τ1, k] ⊇ G(τ1, τ2)W [τ2, k] for τ1 ≤ τ2;
W3. W [t, k1] ⊇ W [t, k2]+(k1−k2)X1[t, t] for 0 ≤ k2 ≤ k1.

Furthermore, the backward reach set W is the minimum
set with respect to inclusion satisfying conditions W1–W3.

Conditions W1–W3 are analogue of the HJB variational
inequality. Here W1 is the initial condition, W2 accounts
for movement without impulses (analogue to H1), and W3
describes the effect of impulses (analogue to H2).

Note that in general W [tβ, k] 6= M [k], since the reach set
X1[tβ , tβ] 6= {0} for impulse controls. This is similar to the
fact that the value function at time tβ does not coincide
with the terminal functional.



Proof. We first prove that W satisfies properties W1–
W3. W1 is true since the points of the terminal target set
are reachable at final time by a control with no impulses.
W2 is true since given a reachable point x ∈ W [τ2, k], the
point G(τ1, τ2) is also reachabe using a control with no
impulses on [τ1, τ2]. Finally, if x ∈ W [t, k2], then the points
x + (k1 − k2)X1[t, t] are also reachable by an impulse of
norm (k1 −k2), and hence these points belong to W [t, k1].

There properties may be as well directly derived from (32).

We then prove that W is the minimum set enjoying
these properties. To do this, we show if a state (t, x, k)
is reachable, then x ∈ W [t, k], by only using properties
W1–W3. Then, if we take an intersection Z of all sets
satisfying W1–W3, it will contain all reachable states on
one hand, i.e. it will contain W , and on the other hand W

contains Z since W also satisfies W1–W3. Therefore, W

coincides with Z , and Z is by construction the minimum
set satisfying W1–W3.

Suppose that the state (tα, x
α, kα) is reachable. Then there

exists a control U(·), such that x(tβ + 0) ∈ M (k(tβ + 0)).
Moreover, this control may be chosen as a sum of n or less
generalized impulses occuring at moments tα < τ1 < τ2 <
. . . < τn ≤ tβ .

We start at the final point of the trajectory, x(tβ + 0),
which belongs to W [tβ , k(tβ +0)] due to property W1, and
prove that the entire trajectory lies in W . Indeed, the point
x(τn +0) ∈ W [τn, k(τn +0)] due to property W3 applied to
interval [τn, tβ ]. The point x(τ) ∈ W [τn, k(τn)] by property
W2 applied at time τn. Moving right to left and applying
W2 and W3, we finally come to x(τ1) ∈ W [τ1, k(τ1)], and
then applying W2 again we get xα = x(tα) ∈ W [t, kα].

Remark 6. Conditions W2, W3 may be rewritten in dif-
ferential form:

• W2’. lim
σ↓0

σ−1h−((I + σA(t))W [t− σ, k],W [t, k]) = 0;

• W3’. lim
σ↓0

σ−1h−(W [t, k],W [t, k − σ] − σX1[t, t]) = 0.

Here h−(A,B) = inf{α ≥ 0 | A + αB1 ⊇ B} is the
Hausdorff semidistance.

13. PHYSICALLY REALIZABLE APPROXIMATE
SOLUTIONS

In this section, we are interested in finding the trajectories
and controls of the system, generated by the described
closed-loop control. To do this, we shall construct the
approximating motions and trajectories, in the following
way.

First, we shall restrict the possible times for generalized
impulses to occur to a finite set of instants. This will let
us properly define the corresponding trajectories get the
trajectories and controls of the closed-loop system as the
limits of the approximating motions.

Second, we shall replace the generalized impulses with
their bounded approximations to represent the generalized
controls as limits of physically realizable functions.

For sufficiently small σ, such that tβ +(k+1)σ < β, define
functions

∆(0)
σ (t) =

1

σ
1[0,σ](t),

∆(j)
σ (t) =

1

σ

(

∆(j−1)
σ (t) − ∆(j−1)

σ (t− σ)
)

, j = 1, . . . , k.

It is straightforward to show that functions ∆(j)(t) weakly
converge to generalized functions δ(j)(t).

We further introduce matrices

M (j)
σ (t) =

∫ t+(k+1)σ

t

G(t+ (k + 1)σ, τ)B(τ)∆(j)
σ (τ − t)dτ,

Mσ(t) =
(

M (0)
σ (t) M (1)

σ (t) · · · M (σ)
σ (t)

)

.

The meaning of these matrices is as follows. Consider an
idealized control

u(t) =

r
∑

i=1

k
∑

j=0

q(i,j)δ(j)(t− τi) (33)

and its approximation

ũ(t) =

r
∑

i=1

k
∑

j=0

q(i,j)∆(j)(t− τk). (34)

If we substitute the approximation ũ(t) into original con-
trol system (18), we shall get the same vector x(tβ + (k +
1)σ), as we would do with the modified system

dx(t) = A(t)x(t)dt + Mσ(t)dU(t) (35)

with impulse control input

dUj(t) =

r
∑

i=1

q(i,j)δ(t− τi).

Thus, in order to calculate optimal approximating controls,
we can apply the theory developed so far to the impulse
control system (35) to get control u(t) in form (33). The
approximating control is then given by (34).

We now show that matrices M
(j)
σ have Lj(t) as their

pointwise limits. We have

M (0)
σ (t) =

1

σ

∫ t+σ

t

G(t+ (k + 1)σ, τ)B(τ)dτ.

Applying the mean-value theorem, we get

M (0)
σ (t) = G(t+ (k + 1)σ, s)B(s),

for some s ∈ [t, t + σ], and therefore M
(0)
σ (t) → B(t) =

L0(t) as σ → 0. Then, denoting tσ = t+ (k + 1)σ,

M
(j)
σ =

M
(j−1)
σ (t) − G(tσ , tσ + σ)M

(j−1)
σ (t + σ)

σ
=

= G(tσ , t)
G(t, tσ)M

(j−1)
σ (t) − G(t, tσ + σ)M

(j−1)
σ (t + σ)

σ
→

σ→0

→ −

∂G(t, s)M
(j−1)
σ (s)

∂s

∣

∣

∣

∣

s=t

= (−1)j djG(t, s)B(s)

dsj

∣

∣

∣

∣

s=t

= Lj(t).

We finally have Mσ(t) → B(t) pointwise as σ → 0.

Definition 4. Let tα ≤ τ1 ≤ τ2 ≤ · · · ≤ τN ≤ τβ be an
arbitrary partition of the interval [τα, τβ ]. Take 0 < σ <

1
k+1 min{τj − τj−1}, denote τ ′j = τj + (k + 1)σ. We define

the approximating motion xτ,σ(t) and the corresponding
control uτ,σ(t) as follows.

(1) xτ,σ(t) = G(t, tα)xα, t ∈ [tα, τ1].
(2) If the point xτ,σ(τ ′i) is already defined, then xτ,σ(t) =

G(t, τ ′i )xτ,σ(τ ′i ) when t ∈ (τ ′i , τi+1].
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Fig. 1. Trajectories of the impulse system in Example 2

(3) Trajectory on the interval [τi, τ
′
i ] is defined as solution

of the system (2) with control

u(t) =

k
∑

j=0

q(i,j)∆(j)
σ (t− τi),

where q(i) =
(

q(i,0) q(i,1) · · · q(i,k)
)T

∈ R
m(k+1)

is the vector of generalized impulse, determined
from the optimal closed-loop control in the state
(τi, xτ (τi)). We have then

xτ (τ ′i ) = G(τ ′i , τi)xτ (τi) + Mσ(t)q(i),

The corresponding control is

uτ,σ(t) =

N
∑

i=1

k
∑

j=0

q(i,j)∆(j)(t− τi).

For this control we shall use an analogue of functional
J(u(·)):

Ĵ(uτ,σ(t)) =

N
∑

i=1

γ
∗(q(i)) + φ(G(tβ , t

′
β)x(t′β)).

(Note that physically realizable controls may take nonzero
values until the instant t′β = tβ + (k+ 1)σ. That’s why we

also had to modify the terminal part of the functional.)

Definition 5. Distributions x(t) and u(t) are called con-
structive motion and the corresponding control if there
exist sequence of approximating motions xτ j (t) and se-
quence of their controls uτ j(t), diam τ j → 0 when j → ∞,
which have x(t) and u(t) as their limits.

Remark 7. In the scheme above, we replaced generalized
impulses with ordinary functions of limited duration (al-
though these functions are bounded, this bound may be
arbitrarily high depending on particular control values).
Another possible approach is to restrict amplitudes of ap-
proximating functions, i.e. to replace a generalized impulse

uδ(j)(τ − t) with u∆
(j)
h (τ − t), where h depending on j

and u is chosen from condition |u∆(j)(τ − t)| ≤ µj . Note
that bounds µj may be different for approximation of each

derivative δ(j)(τ − t).

14. EXAMPLES

Example 2. Consider a problem of stopping a damped
pendulum described by the following ODEs:
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Fig. 2. Approximating control synthesis
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Fig. 3. Convergence of approximating control to the im-
pulse control synthesis



















Var{U(·) | [t0, t1]} → inf,
{

dx1(t) = x2(t)dt,
dx2(t) = −ω2

0x1(t)dt − 2αx2(t) + dU(t),
t0 ≤ t ≤ t1,

x1(t0) = x0
1, x2(t0) = x0

2,
x1(t1 + 0) = 0, x2(t1 + 0) = 0.

We choose particular values of parameters ω0 = 5, α = 3,
t0 = 0, t1 = π/8.

We first give the exact solution to this problem. Without
control input (dU(t) = 0) trajectories of this system are
damped oscillations with period ω = 4 and damping
coefficient α = 3:

x1(t) = e−3t(C1 cos 4t+ C2 sin 4t).

The control should wait until the pendulum passes the
lowest position (x1 = 0) and then stop the oscillation
by one impuplse. However, for some initial states the
pendulum would not reach the lowest position until time
t1. If in current state (t, x) the inequality

h1 = x2 + x1 (3 + 4 tan 4t) > 0

is true, then the control should have an impulse of am-
plitude h1. Then the control waits until x1 = 0 (which
will happen at time t1) and then have a second impulse of
amplitude h2 = −x2, stopping the oscillation.

Optimal trajectories starting at time t = 0 are shown on
Fig. 1. Solid lines show continuous of the trajectories, thin



dotted lines are jumps at the initial time, and thick dotted
lines show the jump at final time.

The corresponding physically realizable feedback control
from Theorem 9 (at t = 0) is shown in Fig. 2. Note that
here the state space is divided into four regions. Three
regions R0, R−µ, and Rµ correspond to control taking
values 0, µ, and −µ respectively. The fourth region — the
external one — R∅ consists of initial position from which
it is not possible to reach the origin in given time (i.e. the
problem is not solvable).

As µ tends to infinity, the region R0 fills the domain where
the impulse control does not have an impulse, while regions
R−µ and Rµ fill the regions where impulse control had
impulses of corresponding directions (Fig. 3).

Example 3. Consider a vertical chain of three identical
springs described by equations







mẅ1 = k(w2 − 2w1),

mẅ2 = k(w3 − 2w2 + w1),

mẅ3 = k(w2 − w3) + u,

(36)

Here m is the mass of the springs, k is the stiffness
coefficient.

The control has to stop the oscillations in minimal time
under restriction G ∗(u) ≤ 10, given the initial position
w0

1 = −1, w0
2 = 1, w0

3 = −1, ẇ0
1 = 1, ẇ0

2 = −1, ẇ0
3 = 1.

The control is a distribution of order k = 0, 1, 2 or 3. We
shall compare the minimal times and the controls for these
four cases.

With a new state space variable x = (w1, w2, w3, ẇ1, ẇ2, ẇ3)
the system (36) turns into a general linear system (18) with
matrices

A =















0 0 0 1
m

0 0
0 0 0 0 1

m
0

0 0 0 0 0 1
m

−2k k 0 0 0 0
k −2k k 0 0 0
0 k −k 0 0 0















, B =















0
0
0
0
0
1















.

The possibilities of control with various numbers of deriva-
tives of delta-functions are reflected by matrices

L0 = B =















0
0
0
0
0
1















, L1 = AB = 1
m















0
0
1
0
0
0















,

L2 = A2B = k
m















0
0
0
0
1

−1















, L3 = A3B = k
m2















0
1

−1
0
0
0















.

If for k = 0 (impulse control) it is only possible to control
the velocity of the lower mass, for k = 1 it is the position
of the lower mass that may be controlled. Using the second
derivative of the delta-function (k = 2), one can actuate on
the velocities of the lower and middle mass simultaneously.
Combining this with impulses (delta-functions without
derivatives), it is possible to control the velocities of the
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0 5 10 15 20 25 30
−30

−20

−10

0

10

20

30

t

u(
t)

Fig. 5. Control in Example 4

lower and middle masses independently. Finally, one more
derivative (k = 3) allows to control the positions of two
lower masses separately.

Fig. 4 shows physically realizable approximations of con-
trols for each value of k. Note that each of the controls in
Fig. 4 has a jump at the final instant of time, which is a
distinctive feature of time-optimal impulse controls. (The
value of parameters here is m = 1, k = 1, σ = 0,1.)

While a purely impulse control needs 5,6 seconds to damp
the oscillation, a control with three derivatives of delta-
functions needs six times less taking only 0,9 seconds. On
the other hand, the amplitude of the latter is much larger
than that of the former.

Example 4. Consider a problem of boundary control for a
homogeneous elastic spring described by a linear partial
differential equation

ρwtt = Ewξξ + u · δ(x− L), t ≥ tα, 0 ≤ ξ ≤ L, (37)

w(tα, ξ) = w0(ξ), wt(tα, ξ) = w′
0(ξ),

w(t, 0) = 0, wx(t, 0) = 0.

Here ρ is the density, E is Young’s modulus.

Given the initial state w0(·), w′
0(·) of the spring at time

tα, the control has to bring that string to complete stop
by time tβ, which is fixed in advance.

The control u here is a generalized function of order k from
Dk,1[α, β], i.e. it allows first derivatives of delta-function.

We replace (37) with a finite-difference approximation






mẅ1 = k(w2 − 2w1),

mẅj = k(wj+1 − 2wj + wj−1), j = 2, . . . , N − 1,

mẅN = k(wj−1 − wj) + u,
(38)

where wj(t) approximates w(t, j∆ξ), ∆ξ = L/N , m =
ρ∆ξ, k = E/∆ξ.

Note that the approximating equations (38) are of the
same type the springs system in the previous example.
Therefore, this approximating problem is interesting on
its own, as a problem of stopping an oscillating chain of N
springs or pendulums in finite time.

Introducing state space vector

x = (w1, . . . , wN , ẇ1, . . . , ẇN )T ,

we come to a standard linear system with appropriate
matrices A and B.

Fig. 5 shows the approximating control forN = 10, tα = 0,
tβ = 30, σ = 0,2, and initial state w1 = · · · = w5 = 0,
w6 = · · ·w10 = 1, ẇ1 = · · · = ẇ10 = 0.

Each generalized impulse consists of two columns of oppo-
site sign. The amplitudes of these columns in each impulse
are not equal, since their approximate the sum u0δ(τ−t)+
u1δ

(1)(τ − t).

Note that although the control could have 2N = 20
generalized impulses, the actual optimal control has only
10 impulses.

REFERENCES

A. Bensoussan and J.-L. Lions. Contrôle impulsionnel et
inéquations quasi-variationnelles. Dunod, Paris, 1982.

A. N. Dar’in and A. B. Kurzhanskii. Control synthesis
in a class of higher-order distributions. Differential
Equations, 33(11), 2007.

A. N. Daryin and A. B. Kurzhanski. Closed-loop impulse
control of oscillating systems. In Proc. IFAC Work-
shop on Periodic Control Systems (PSYCO’07), Saint-
Petersburg, 2007. IFAC.

A. N. Daryin, A. B. Kurzhanski, and A. V. Seleznev. A
dynamic programming approach to the impulse control
synthesis problem. In Proc. Joint 44th IEEE CDC-ECC
2005, Seville, 2005. IEEE.

Fan Ky. Minimax theorems. Proc. Nat. Acad. of Sci. USA,
39(1):42–47, 1953.

W. H. Fleming and H. M. Soner. Controlled Markov
Processes and Viscosity Solutions. Springer, N.Y., 1993.

I. M. Gelfand and G. E. Shilov. Generalized Functions.
Academic Press, N.Y., 1964.

M. I. Gusev. On optimal control of generalized pro-
cesses under non-convex state constraints. In Differ-
ential Games and Control Problems. UNC AN SSSR,
Sverdlovsk, 1975.

N. N. Krasovski. On a problem of optimal regulation.
Prikl. Math. & Mech., 21(5):670–677, 1957. In Russian.

N. N. Krasovski. The Theory of Control of Motion. Nauka,
Moscow, 1968. In Russian.

A. B. Kurzhanski. Impulse control synthesis, fast controls
and hybrid system modeling. Plenary talk at ALCOSP-
07, 2007.

A. B. Kurzhanski. Optimal systems with impulse controls.
In Differential Games and Control Problems. UNC AN
SSSR, Sverdlovsk, 1975.

A. B. Kurzhanski. On synthesis of systems with impulse
controls. Mechatronics, Automatization, Control, (4):
2–12, 2006. In Russian.

A. B. Kurzhanski and Yu. S. Osipov. On controlling linear
systems through generalized controls. Differenc. Uravn.,
5(8):1360–1370, 1969. In Russian.

B. M. Miller and E. Ya. Rubinovich. Impulsive Control in
Continuous and Discrete-Continuous Systems. Kluwer,
N.Y., 2003.

M. Motta and F. Rampazzo. Dynamic programming
for nonlinear system driven by ordinary and impulsive
control. SIAM Journal on Control an Optimization, 34
(1):199–225, 1996.



Lucien W. Neustadt. Optimization, a moment problem
and nonlinear programming. SIAM Journal on Control,
2(1):33–53, 1964.

F. Riesz and B. Sz-.Nagy. Leçons d’analyse fonctionnelle.
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