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Abstract

The linear impulse control problem is studied via dynamic programming techniques.
It is approached by introducing a hard bound on control, with a diameter of this
bound tending to infinity. A new definition of a feedback strategy for such problem
is proposed, which takes into account the fact that in actual systems control values
are large but still bounded, thus justifying the use of additional hard bound. A
special attention is given to solving two-dimensional problems. For such problems
the structure and properties of optimal control are studied, and optimal feedback
strategy is constructed.
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1 Introduction

Consider the problem

J(u(-)) = Var U(-) + ¢(x(t1 + 0)) — inf,

[to,t1]
dz(t) = A()z(t) dt + B(t) dU(t), t € [to, t1], (1)
z(to — 0) = xy.
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Here z(t) € R, U(-) € BV ([to, t1];R™). ¢(x) is a convex terminal function;
in particular one may choose ¢(x) = (x| {x1}) to get a problem of moving
the system from point zy at time ¢y to point x; at time ¢;.

The problems of this kind have been studied thoroughly already (see [1-4]).
They may be solved using the maximum principle for impulse control, and
the solution is an open-loop control program. However in the present paper we
shall be interested in expressing the solution in terms of dynamic programming
and finding the optimal control in the form of feedback control.

2 The Dynamic Programming Approach

Denote the optimal value of the problem (1) through V' (¢o, z9) = V (to, zo; t1, ¢(*)).
This problem may be decomposed into a pair of subproblems: first, find the
optimal right end z; of the trajectory, and second, find optimal control U(+)
under condition z(¢; +0) = z1. The solution of the latter is known [2,5], which
allows the following representation:

Vito,z0) = inf {¢<x1>+sup 0.2~ X (b1, o)) } 2)

z1€R pern || B'(t) X (1, ')pHC[tO,tl]

Here X (¢, 7) is the solution to the matrix differential equation 0.X/0t = A(t) X,
X(r,7)=1.

We then define a semi-norm ||p|[,, ,,; = [ B'(£)X"(t1, )pll oy 1,) and rewrite (2)
as

V(to, 20) = sup | (p, X (tr, to)z0) — & (p) — (5<p ‘ B”,[toytﬂﬂ. (3)

peER™
where BII'H[t o is the unit ball in the introduced semi-norm. Relation (3) shows
0-t1

that V (¢, x) is a convex function and its conjugate is given by

V*(to,p) = ¢ (X' (to, t1)p) + (5(X'(t0,t1)p ‘ Bll-ll[to,m)' (4)

Using (4) it is easy to prove the following result:

Theorem 1. The value function V(t,z;t1,¢(:)) of the problem (1) satisfies
the optimality principle in the form of the semigroup property:

V<t07 xo; t1, ¢<)) = V(t(]? To; T, V(T7 31, ¢<)))7 T E [t07 tl]v



and it is the viscosity solution [6] to the Hamilton—Jacobi—-Bellman equation:

min {H, (¢, z,V;, Vy), Ha(t,x, V3, V) } =0, (5)
V(ty,z) = V(t1,z;t1, ().
H1<t7x7€t7€$) = ft =+ <£$7A<t)m>7 HQ(tv x7£t7£m) = }}ég} <€JB7 B(t)u> + 1.

Note that in general case V (t1,z;t1,¢(+)) < ¢(z), because from (4) it follows
that

Vi(t,p) = ¢"(p) + 0(B(t)p | By).

Due to (5), in any position (¢, z) there are two possible cases for the control.
Either H; = 0, and control may choose dU(t) = 0; or H; > 0, in which case
necessarily Hy = 0, and control has to jump in the direction —B’(t)V,. The
magnitude of the jump is to be chosen in such a way that after the jump again
H1 = 0.

3 The Double Constraint Approach

Let us introduce a hard bound on the control, u(t) € B,, and consider the
corresponding problem:

T = [ @)l + o(a(n)) — it
#(t) = A(D)z(t) + Bt)u(t), telto,tr], (o) = o, (6)
Ju(t)] < s

The value function V,,(to,zo) = V,.(to, zo;t1,¢(:)) of this problem is the vis-
cosity solution to the Hamilton—Jacobi-Bellman equation

P i (O ant - mon) e} =0

8t ’LLE,uBl 81‘

with the initial condition V,,(t1, z) = ¢(z). Thus, except some degenerate cases
control only takes values from S, U {0}.

The solution of (6) is given by

V,(t, ) = sup{(p,X(tl,tO)x())—

[ UB X @l - 1), dr -6 ) ] (8)



and its conjugate function in x is

Viltn) =6 0) +a [ (1B X (0l - 1), dr 9

Note that as p tends to infinity, expressions (8), (9) turn into (3) and (4)
respectively. It may further be shown under certain conditions that

0<Vu(t,z) = V(t,z)=0(u).
The HJB equation (5) may be also derived in the limit from (7) as y — oo.

The optimal feedback control strategy is the minimizer in (7), and in points
of the differentiability of V,,(¢,z) it may be written as follows:

x0,|/¢]| < 1;
0, —ud], =1 AR
{—Mmﬂ}ﬂd|>1,

However, in (10) it is not possible to proceed to the limit as in (8) and (7). In
particular, it is not clear what the “synthesized” system for the problem (1)
will look like. To avoid this difficulty, we introduce the following definition of
control synthesis for this problem.

Definition 2. A pair of functions 8 = {u(t, x; u), 0(t, z; p)}, such that

u(t, ;) € 51U {0}, ult, ;1) = ueo(t 7)),
0(t, ;1) >0, pO(t, ;) = meo(t, @),

is called the feedback control strategy for (1).

Definition 3. Fix a control strategy i, number p > 0 and a partition ¢, =
To <7 < ...<Ts =t of interval [tg, t1]. An approzimating motion of system
(1) is the solution to the differential equation

77 =T NO(Tic1, xa(Ti1); 1),
TA(T) = uB(t)u(rim1, oa(Tic1)i ), T <7 < 7],
ra(7i) = za(7)).

Number 0 = max {1; — 7;,_1} is the diameter of the partition.

Definition 4. Constructive motion of system (1) under feedback control i is
a piecewise continuous function x(t), which is the pointwise limit of approxi-
mating motions x(t) as y — oo and o — 0.



Example 5. Suppose that current position of (1) is (¢,Z), and from (5) it
follows that control has a jump 70(t — ¢). Then the corresponding feedback
strategy values @ = u(t, ; 1), @ = 0(t, ; 1) is to be chosen in such a way that
the following equality would hold:

B(t)r = u[

In the limit this yields

ul,7ip) = o

= T
noo ||| po0

That is, an impulse 70(t — t) is (approximately) replaced by a plateau of
magnitude y, direction 7 and duration p~1||7||.

4 The Two-dimensional Case

In this section we shall study a special case of (1), namely two-dimensional
stationary system with a scalar control:

dz(t) = Ax(t)dt + bdU(t), t € [to,t1],
z(to —0) =xo, x(t1 +0) =2,
r(t) e R* beR? U(t) € RY, (11)
Var U(-) < u

[tot1]

For such systems time-optimal and energy-optimal control problems are con-
sidered. It is possible to construct an explicit form of optimal control and to
study so-called switching surfaces on which optimal control has a jump and
controlled trajectory is discontinuous. These results are based on geometry of
attainability sets and on the theorem about impulse control structure.

Theorem 6 (Structure of attainability and solvability domains). Let
X, [t to, Xo] be the attainability set for system (11) and W, [t; t1, X1] be the solv-
ability set for this system. Then these sets can be represented in the following
form:

X, [t: to, Xo] = X (¢,t0)Xp + preonv () X (t,7)B(7)B;,
TEto,t]
Wyltite, X1 = X (6, t) X + peonv () X(¢,7)B(1)B,.

TEL,t1]



Theorem 7 (Control structure). Consider xo € W,[to;t1,{z1}]. Then
there exists an impulse control U(t) such that

dU i "
E(t) = E hlg(t - SZ‘), hl eR s S; € [to,tl],
=1

which translates system (11) from the state {to — 0,z } to the state {t; + 0,21}
and

k
Var U() = 3 [[hall < .
i=1

[tot1]

Here k is a number of impulses, and k < n where n is a dimension of system.
For systems on plane it is possible to control with only two impulses.

Consider system (11) with time-optimal control problem, i.e. ¢; — t; — min.
Without any loss of generality we shall take xy = 0. If it is possible to move
this system from the state xy to the origin, it is also possible to do this only
with two impulses. Thus the optimal control can be represented as

dUu

%Of) :hl(s(t—S)—th(S(t—tl), hl,hg ERl, S € [to,tl).

We will study a special case when s = ty, i.e. when optimal control has an
impulse at the first instant. The set of such states z° will be referred to as
the switching set Ji[p]. It is convenient to represent J;[u| as a union of sets of
equal impulses [r(hy, hy)]. By definition, when z° € [r(hy, hs)], optimal control
from 2° to the origin has impulses h; at the first time and h, at the last time.
So that if Ty(z°) is an optimal time to transfer the system (11) from the state
2° to the origin, set of equal impulses is

T(hl, hg) = {.CC e R" ‘ T+ hlb + hg eiTO(x)A b= O}
Lemma 8. All systems (11) are divided into two classes:

(1) when matriz A has real eigenvalues of different sign, and
(2) all other systems.

In case 1) r(hy, hy) = {—hlb — hye ™4 ’ T> O}. In case 2)

[ =mb—hye ™ b7 > 0,hyhy < 0;
(. ha) = { 0,hhs > 0.

Theorem 9. Switching set structure The switching set Ji[p] is the union of
equal tmpulses sets
Tl = U r(hihe)

|h1|+|he|=p
h10



After calculating the switching set, the optimal control synthesis is expressed
in the following form. When zy € r(hy,hs), for some hy and hy such that
|h1| + |ho| = p, then there is a jump hi0(t — to). Otherwise, that is when
xo & Jiu], there is no jump at time t.

Similar result can be proven for energy-optimal control problem. It simply
follows from the theorem about switching set structure in case of time-optimal
problem.

Theorem 10 (Switching set structure for energy-optimal control
problem). A switching set J,[t] has the following representation:

o if t >t then J,[t] =0;
o Ift < t* then J,[t] = {—hlb — hyet4 b} where hy and ho must have the
same sign in case 2) from lemma 8 and arbitrary signs in case 1).

The time parameter t* may be calculated directly from system (11).

Control synthesis strategy is also similar to the one in case of time-optimal
system.
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