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METOA4 INMHAMWYECKOTI'O ITPOTPAMMUPOBAHNA B BAJAYE CUHTE3A
NMIIYJIbCHBIX YIIPABJIEHUI

A.H. JIapbuH, A.B. KyPxKAHCKUM, A.B. CEJIEBHEB

Pemenue 3a/1aun CMHTE3a yIPaBJIEHWH SBJISIETCA OJHOM M3 IEHTPAJILHBIX TEM COBPEMEHHOM Teo-
pum ynpasienus. Takoe permenne MOXKeT ObITh TTOJIyUeHO B PA3JIMIHbBIX 3a/IaHHBIX KJIACCAX yIPaBJIe-
HUit ¢ 06paTHOI cBaA3bl0. HalmpuMep, B KJTacCHYECKOl T€OpUY YIIPaBJICHHS DA T€OMETPUIECKOM OTpa-
HUYEHNY MCKOMOE YNPABJICHUE IPUHUMAET 3HAYEHUsI CPEJM KPAHUX TOYEK OrPDAHWUYEHMsI, TAK YTO
CHHTE3WPOBaHHAs CHCTEMa ONMChIBaeTcs audg depeHnuaTbHbIMA yYPaBHEHUAME C Pa3phIBHOI IpaBoit
vacteio [1]. VlHora cuHTe3 yupaBieHnii MOXKHO ONKMCAThH C IIOMOIIBIO <IIOBEPXHOCTEN NEepeKIove-
HUST», pa3IesdaomuX (ha30Boe POCTPAHCTBO Ha 0OJIACTH ¢ HENPEPHIBHBIMY yIIPABJICHUAMHY, JOITyCKas
Pa3phIBbI («IIEPEKJIIOYEHNST» ) HA 9TUX HOBepXHOCTSX (M. [2, 3, 4]).

OpHaKO, BO MHOIMX TPUKJIQTHBIX 3a/1a9aX, HAIPAMED, I a9POKOCMUYECKHAX CUCTEM C MTHOBEH-
HBIMW KOPPEKIMAMY JIBUKECHUS, B CHCTEMAaX KOMMYHWKAIIMOHHBIMYA OTPAHUYECHUSIMU WJIA B JIOTMKO-
JIMTHAMAYIECKAX CHCTEMAaX PEIIEHNs MOTYT UMETh uMnyabchwlii XxapakTep. Ilocsennee TpebyeT ympas-
JieHntt 060OMEHHOTO TUTIA, COCTOSNIAX U3 UMITYJIbCHBIX «JIeJIbTa~-(DyHKIMA» MM MX COYETAHWH C Orpa-
HWYEHHBIM ynpaBjieHueM. [lepBbie NPOrpaMMHBIE DEIIEHUs B 33/1a9€ MMITYJIbCHOTO yTIPABJIEHUs ObLIn
nosyuenst H. H. Kpacosckum [5]. B pabore [6] 6b110 I0Ka3aHO, 94TO B JIMHEHHON UMITYIbCHOM 3a/1a9e
YHCJI0 CKAYKOB ONITMMAJILHOTO YIIPABJICHUsI HE MPEBBINAET PA3MEPHOCTH (ha30BOr0 MPOCTPAHCTEA.

3asiaun Moso6HOr0 pojla PACCMATPUBAJIACH B OCHOBHOM C TOYKH 3DEHHUS IIPOIPAMMHBIX YIIPaB-
genuit (cm. [4, 7, 8]), Torma kak npobiema mocTpoeHusi XOporio hbopMan30BaHHON TEOPUU CHHTE3a
HMITyJIbCHBIX yTIpaBJIeHUi BCE emé He pelleHa. B maHHOI paboTe yKasblBaeTcsh BO3MOXKHOCTH IIPHU-
MEHEHUs METOJIOB JIMHAMMYECKOTO POrDAMMUPOBAHMS K 33/1a9aM MMITYJIbCHOTO YTIPABJICHUS, TJIE
pelenus Uiy Tca B (hopMe CHHTE3UPYIONMX CTpaTernii. PaccMaTpuBaloTcs JTMHEHHBIE CHCTEMBI, 9TO
HO3BOJISIET COYETATh KJIACCHYECKYI0 TEOPHIO pacipejieieHnii ¢ Teopueii 060OIEHHBIX (BSI3KOCTHBIX )
pemennit ([9, 10, 11| st COOTBETCTBYIOMUX KBAa3WBAPUAIMOHHBIX HEPABEHCTB THIA ['aMUIbTOHA—
Axobn-bBeanmana (I'-A-B) (cm. [12]). Ipesyiaraemprii 1moaxos 1MO3BOJSIET TAKXKe PaCCMATPUBATH
3a/1a4M C BBICHIMMHU [IPOM3BOJHBIMH Jlesibra-byHKImit (M. [13]).

1 3amgaua

Paccmorpum 3agaty munnMusanum 0000mEnHOTO hyHKIMOHAMA Tria, Maitepa—bosbiia Ha TpaekTo-
PUSIX UMIOYJIbCHOM YIIPABISEMONW CUCTEMBI:

J(u(-)) = [Xif] U(-) + ¢(x(t1 +0)) — inf,
dz(t) = A(H)z(t) dt + B(t)dU(t), ¢ € [to, 1], (1)
.%'(to — 0) = X0.

OPaBora Bemonnena npu dburancosoi nogaepxke PODPU (rpanT 03-01-00663), nporpammbr «YHuBepcureThl Poc-
cun — yHAaMeHTaNBHBIE UccaeoBaHusi» (rpanT YP.3.3.07) u nporpammer “TocynapcTBeHHas NOJAEPKKa BEIYIAX
Hayuanbix mkosn” (rpant HITI-1889.2003.1).



Baecy x(t) € R"™ — dazoswiit Bektop, U(-) € BV([to,t1];R™) — o0bobmEHHOE yIpaBieHue,
BV ([to, t1]; R™) — npocrpancTBo dyHKIMA orpannueHHON Bapuanuu co 3HadeHusivu B R™ . Tlpes-
moJyaraeTcst, uro Marpuunble dyskipm A(t) € R™*"™ | B(t) € R™*"™ wHenpepsiBHbL. KoHeUHBIN MO-
MeHT BpemeHu t 3adukcupoBaH. Tepmunanbaoe ciaraemoe ¢ : R" — R U {co} siBasiercs 3a-
MKHYTO# BBIYKJION (DYHKIIHEH, TIPUCYTCTBHE KOTOPOil B BbipaxkeHuu st J(u(-)) mO3BOJIUT jajiee
chopMyIMpOBaTh TPUHIMI ONTUMAJIHHOCTH.

Crenmanpssri Be160p @(z) = Z(z | {x1}) ! npuBomuT X M3BecTHOI 3a1a4e 0 IIEpeBo/ie YIPaBIA-
eMOlf CHCTeMBbI M3 TOYKU I() B MOMEHT ty B TOYKE X1 B MOMEHT t| IIPM MHUHUMAJbLHON BapUaIliu
YTIDABJICHUSI:

[tVz:r} U(-) — inf,
dz(t) = A(t)z(t) dt + B(t)dU(t), t € [to, ta], (2)
:L’(to—O) = Xg, x(t1+0) =21.

Baiaum no06HOTro THIA XOpOoIIo u3yveHsl (cM. [4, 6, 14, 15, 16]) u MoryT 6bITh PelleHbl IpUMEHe-
HHEM MeTOJI0B (PyHKITMOHAJILHOTO M BHIYKJIOrO aHAJIN3a. PellleHneM P 3TOM SBJISETCS TPOrPaMM-
HOoe ympasjenue. Hanporus, B 9TOl craThe HAC OyJeT MHTEPECOBATH PEIEHUE 3aJIa9M METOJIaMU
JIMTHAMAYIECKOTO ITPOrPAMMUPOBaHUS, Jatolee yIpaBJieHue B BUJIE CTPATETHU ¢ 0OpaTHOM CBA3bI0. B
cTaThe MPOJI0JIKAETCS UCC/e0Banne, Hadaroe B [17].

2 WnpeagpHadag cxeMma

Bynem nasbBarh gynruyuet uenwe V(tg,xo) 3amaum (1) onrmmasibHOe 3HavYeHME (QYHKIMOHAIA
J(U(+)) upm dbukcupoBaHHON Hava bHOU mo3unuu (g, zo) . VHOTIA 6yIeT HCIOIb30BAThCS PA3BED-
HyToe oboznauenue V (g, zo;t1,p(:)), 9T00BI MOMUEPKHYTH 3aBUCAMOCTH ONTHMAJIBHOTO 3HAYEHUS
V (to,x0) OT KOHEIHOIO MOMEHTA BPEMEHH t| W TepMUHAJIBHON byHKImH ©(-) .

O6o3naunm wepe3s W (to, xg) = W (to, xo;t1, 1) MUHUMAJIBHYIO BAPUALMIO yIIPABJICHUS B 3a/1a9€
(2). Kak y»xe 6but0 ykazano panee, W (to,xo;t1,21) = V(to, xo;t1,Z(- | {z1})).

Bagauy (1) MoxkHO Pa3buTh HA JIBE YACTH:

® HaliTW ONTUMAJBbHYIO KOHEYHYIO TOUYKY TPAEKTOPHA I
e HaiiTu onrumasibHOe ynpasienue U(-) B 3azade (2) upu ycuosun z(t; +0) = x; .

B cienyomux yTBepzKIeHHAX KPaTKO c(OPMYJIHPOBAHO PEIIeHHe BTOPOi Moj3ajadu B (opMe
HPOIPAMMHOIO YIIPABJIEHUs], OAPOGHO onmcanHoe B [4, 13]:

VYrBepxkaenue 1. Onmumanvroe 3nauenue 6 3adaue (2) moorcem bvims npedcmasaeno 6 eude

{p, 21 — X (t1, to)zo)
W (to, zo;t1,71) = sup '
pern || B ()X (1, )l oo ]

3decv X (t,7) — Pyndamenmanrvran mampuya, mo ecmsv pewenue 3adavu Kowu dasa mampuunozo
duppepernyuarvrozo ypasuenus 0X/0t = A(t) X, X(r,7)=1.

(3)

VYrBepxkaenue 2. Ecau W(ty,zp) < 00, mo cywecmsyem onmumaibHoe NPoepamMmHoe Ynpasae-
nue U(-) cneyuaavrnozo euda:

AU (t) = > hid(t — ) dt, (4)
=1
tosI<m<...<Tp <, uiERm,

Var U() = 3 |ull = V(to, o).
=1

[tot1]

Yepes Z(x | A) obosmauena mpamkaropHas yHKIHs MHOxecTBa A (paBHas Hy/TIO Ha MHOXKeCTBE A M 400
BHE A).



JIpyzumu cao6amu, €CAU 603MONCHO MEPEBECTNU YNPABAAEMYIO cucmemy u3 nosuyuu (to, o) 6
(t1,1), mo cywecmsyem ynpasaenue, Ha KOMOPOM OOCTNUZAEMCH ONMUMAABHOE SHAUEHUE BAPU-
ayuu W (tog,xo) . Boaee mozo, cywecmeyem onmuMasvbroe YnpasaeHue, COCMABAEHHOE U3 He boaee
Yem N CKGUK08, 20e N — PA3MEPHOCMb 6EKMOPL X .

HUcnonb3yst Beipaxkenue (3), MOXKHO 3amnmcaTh BYHKIWIO TIeHbI 3a7aun (1) B Buje

V(to,xo) = inf {(p(ml)—l—W(to,xo;tl,xl)}. (5)

xr1ER™

Jlemma 1. Ecau snauenue V (tg,xo) KoHewHo, mo cywecmsyem onmumasbibili npasuit Koney, mpa-
exmopuy, mo ecmv makol eexmop T , daa komopozo eepro V (to,xo) = w(x7) + W (to, xo; t1,27) -

Jlokasameavcmeo. Beeném obosnadenne (1) = p(z1) + W(to, zo;t1,21) . U3 (3) momyvaem, dro

|21 — X(t1,0)z0l|
I1B'®) X" (t1, )p1ll e 0

W(to, zo; t1, 1) =

e p1  — EJUHAYHBIA BEKTOp, KoJumHeapHbii ¢ x1 — X(t1,t0)rp. DTO O3HAYAET, HYTO
W (to, xo;t1,21) — 00 npu ||z1]] — 00, 1109TOMY MHOKECTBO yPOBHsI

L={a | ®(z1) < V(to, zo) + £} (6)

siBysieTcst KoMnakTHbM. CutesioBaTenbHo, dyakius $(r1) JocTrraer cBoero MUHAMAJIBHOTO 3HAUE-
HUsl HA MHOXKeCTBE L B HEKOTOPOIl TOuYke 7. [

Coueranne yTBepK/IeHUS 2 U JIEeMMbI 1 JTaéT CIJIe YOI pe3yJIbTarT.

Teopema 1. Ecau V(tg,xp) < 00, mo cywecmseyem makoe npozpammroe ynpasaenue U(-) euda
(4), dasn Komopozo ewnoaneno pasencmeo J(U(-)) =V (to,xo) .

Beegém caemyrornryio moayaopmy Ha R” :

1Pl o, = [1B' X" (1 ol oy

¥ OITPEJIEJIUM CJIEJIYIOIee MHOXKECTRO:

Puoiny = {2 | 1Pl = 0}

KOTOpOe SIBJIsIeTCs] JIMHEHHbIM nofupoctpancTBoM R™ . 1lpu stoMm Py, 4] UMeeT HEHyJIEBYIO pa3Mep-
HOCTb TOIJIA M TOJIbKO TOIJIa, KOIJa cucTeMa B 3aja4e (1) He siBJIsieTCsi BIIOJIHE YIIPABJISIEMOT.

Buauenne V(tg,rp) KOHEYHO B TOM M TOJBKO TOM CJydae, KOIJla W3 Hp”[to 4] = 0 cmenyer
(p,x1 — X (t1,t0)xo) = 0, mum, uro To x)e camoe, x1 € X (t1,t9)xo + P[thtﬂ. Hockombry ||l 4 4,1
IIpeJICTaBIIeT cobOit HOpMY Ha P[tl0 #1] » MOYKHO IICDENICATh BBIPAXKCHHE (5) B BUZIE

V(to, wo) = inf sup {e(@1) + (p, x1 — X(t1,t0)z0) }-

x1 GX(tl,tQ)1‘0+P

1
[to,t1] peB

1
g, Trosta]

[Tpumensist 351ech Teopemy o muanmaxce [18| st nepecranoskm inf u sup, nosyuaem

Vito,a0) = sup [(p, X (11, to)ao) — (o) = Z(p | By, )] (7)
pER” [to-t1]
3necy B — eJIMHUYHBIN ap B YKa3aHHOW MOJIyHOpMe, a ¢*(p) — conpsikéHHast byHKIWs

Wit 41
mo @enxenmo K () [19]. Mbl mosnyunian ciefyroniee yTBepK/IeHAE:



Teopema 2. Qynuxuyusa yenve V(tg, xg) Acasemca 66nykA0Tl NO NEPEMEHHOT T, U CONPANCEHHAR K
et pynxyus 3adaémes Gopmyarot

V*(to, p) = ¢ (X' (to, 11)p) —|—I<X’(t0,t1)p ] B”_H[tm]). ®)

Ucnonp3yst (8), MOXKHO yCTAHOBUTH CJIE/YIONIMN PE3yJIbTAT:

Teopema 3. Pynruyus yeno, V(t,x;t1,0(+)) 3adawu (1) ydosaemeopsem NPUHIMILY ONTHUMAIHHO-
CTH, Komopbiti Modicem 6vims 3anucar 6 opme NoAY2PYNNO6020 CE0TCMEa: 0Nl KaHCA020 MOMEHT,
epemeny T € [to,t1] eepno

V(to, zos t1, () = V(to, zo; 7, V(7,5 1, 0()))-

Bamernm, UTO B OTJIMYME OT 33/1a4 C OIPAHUYEHHBIMHM YIDPABJICHUSIMH, B OOIIEM CJIydae 3JeCh
nMeeT MecTo HepaBeHcTBO V (t1,x;t1,¢(+)) < ¢(x), KoTOpoe MOXKeT OBITH cTpornm: u3 (8) ciemyer,
97O

V*(t1,p) = ¢"(p) + Z(B(t1)p | By).
Hanpuwmep, ecm p(x) = Z(x | {x1}) m B(ty) =1, 10 V(t1,x;t1,0(-) = ||z — 21| < ().

Teopema 4. Qyuxuyusa uenwww V(t,x) aeasemeca easkocmuvim pewenuem [9]  ypasnenus
T'amusvmona—Axobu—Beasmana:

min{Hl(t7m7%7vx)a HQ(t7x7‘/t7V$)} :07 (9)
V(tlvx) = V(tl,l’,tl,@())
Hl<t7$7£t7§&?) - ft + <£$,A(t)$>, H2<t7$7£t7€$) = ’51’61151} <§&?7 B(t)u> + 1.

Jokasameavcmeo. CHadamna onernM cyomuddepenman dyuxmn nenst 0, V (tp, xg) 10 mepeMeH-
HOI x:

0;V(to, o) € dom V™ (to,) € X'(t1,t0) By, & X' (0 00)Byy, = {p [ [[B'Colel] <1}

0:t1
Orcroma caemyer, aro V' (tg, zo; 0, B(t)u) > —1 npm |ul| < 1, rme V'(to, z0;7,&) oboznauaer mpo-
u3BojHY0 oT V (tg, o) B HampaBienuu (7,§). Ecim V(t,x) muddepennupyema B Touke (to, o),
TO TIOCJIE/IHEE HEPABEHCTBO npeobpasyercst B Ha(to, zo, Vi, Vi) = 0.

Barem, nosaras B (5) t1 = to+o, ¢(-) = V(to+o,-) usebupas z1 = X (to+o0,to)zro , HoIydaem

V(to,aj‘o) < V(to + O‘,X(to + o, to)aj‘o) = w(a).

BestesicrBre npuHmmna ontuManbHocTH GyHKIMsS w(0) He yObIBaeT 10 0, W II09TOMY CYIIECTBYET
eé npasas npousBogHas: w'(o + 0) = 0. Orcrona umeem V'(to, zo; 1, A(tg)z) = 0, u, ecrm V (¢, x)
muddepentmpyema B Touke (tg, zg) , nomydaem Hi(tg, xo, Vi, Vi) = 0.

Jluist 3aBeprieHusi JI0KA3aTeNhCTBA PACCMOTPUM ONTUMAJIBHOE TPOrPAMMHOE YIPABJIEHUE BUJIA
(4). Torma mu6o 71 > tp m Hy =0, mubo 7 =ty u He =0, 1o ectb min{H;, Ho} =0. O

B coorBerctBum ¢ (9) B mo6oii nosurnuu (t, ) ymnpasieHHe OJHY W3 JIBYX BO3MOXHOCTel. JIn6o
Hy = 0, u Torma moxuo BeiGpars dU(t) = 0; ymbo H; > 0, Torga obssarensro Hy = 0,
U YIpaBJIeHUEe JIOJIXKHO COBEPIINTH CKa4oK B Hampabyennu —B'(t)V, . BesumunHa ckauka JI0JKHA
OBbITH BBIOpaHA TaK, 9TOOBI TIOCJIE CKAYKA CHOBA, OBLIO BBITTOJHEHO paBeHCTBO Hp = 0.

OpHako, 1mo/100HOE pacCyKJIeHUE He MPUBOIUT K TTOJTHOIEHHOMY OIPEJICJIEHAI0 CUHTE3UPYIOIIei
CTpaTeruu, MOCKOJIBKY BCE €Ié He sICHO, 9TO OyJIeT MPEeJICTABIATH COOON yIpaBisieMasl CUCTEMA,
B KOTOPYIO B KAUeCTBe yIpPaBJIEHWsS MOJACTaBeH cuHTe3. OJMH U3 TOJXOJ0B K MPEOJIOJIEHAI0 STOM



TPY/IHOCTH 3aKJI0YAETCs B UCIIOJb30BAHUN PACIIMPEHHON POCTPAHCTBEHHO-BPEMEHHON CHCTEMBI |8,
7, 20]:
dx
ds
dt
ds
3/ech mepeMeHHasi § OTBeYaeT 3a MapaMeTPU3allMio0 TpaeKTopuil mepeMeHubix x u t, s € [0,5],
npu 3TOM TpaBbiil KoHer, S He 3akperién. Ha pacmmpennoe ynpasienue u(s) = (u®(s),ul(s)) €

= A(t(s))x(s) - u'(s) + B(t(s))u"(s),
(10)
= u'(s).

R™ x R nanoxkeno xkécrkoe (reomerpudeckoe) orpanmuenue u(s) € By x [0,1]. Ucxonuoit 3amaue
UMITyJIbCHOTO ynpaBJeHns (1) cooTBeTcTByeT cieytommas 3anada s cuctembl (10):

S
J(u() = /O [ (s)]| ds + @(2(S)) — inf,
#H0) = to, (S) = t1.

(11)

UssectHO [8], uTO sI060E MMITYIIHCHOE YIIPABJIEHUA W COOTBETCTBYIOINAS €My TPACKTOPHUS UCXOJI-
HO# cucrembl (1) MOryT GbITH NIPE/ICTABIIEHBI KAK DETyJIsiPHOE yIIPABJIECHHE W HENPEPbIBHASI TPAECK-
Topusi pacmupeHHoi cucteMbl (10), ¥ 9TO MHOXKeCTBO TpaeKTopuii cucreMmbl (1) BCIOy MIIOTHO BO
MHOXecTBe Tpaekropuii (10).

@Oyukips 1eHbl 3ajgaun  (11) sBisieTcss BSISKOCTHBIM  PEIIEHUEM  CJIEIYIONIETO  yPABHEHUS
Tavmuasrona—Akobn—bBemmvana:

min H(taxu‘/lf7v$7ut7um) = 07 (12)
utel0,1]
u®€eB,;

H(t,z,7,6 0", u”) = {[r+ (& A)2)]u" + [(& B(t)u") + [lu"[[]} =0,

49TO coBIaaeT ¢ ypaBHennem ['—¢-B (9) B 3a/a4e UMIIYJILCHOTO yIPABJIEHMUS.
Tenepn, ucnosbaysi (12), BO3MOXKHO ONpeesnTh CMHTE3 ynpasieHnii B 3aga4e (11) kak MHOXKe-
CTBO MUHMMU3ATOPOB B ypaBHenun (12):

U*(t,z) = U {u| H(t,z,7,&u,u®) =0}, (13)
(1,6)€dcV

Baecy OcV — muddepennman Knapka [21] dbysknun nensr mo obenM nepeMeHHbIM (t, ) .
TTockonbky cucrema (10) onmceiBaer Bce Tpaekropun B 3ajaue (1), ynpasienue (13) mMoxkHO
paccMaTpUBaTh KaK CHHTE3 ylpaBieHuit juis 3agaun (1).
TTocuie nojcranoku ynpasienust (13) cucrema npuarMaet BuL jinddepeHIaibHOTO BKIIOUEHNU S

L6 {0 )

B cuay Toro, uro cunres U*(t,x) siBiisieTcsi II0JyHENPEPHIBHBIM CBEPXY 110 €PEeMeHHbIM (t, ) MHO-
rO3HAYHBIM OTOOpaXKEHWEM C HEMYCTHIMA BBIMYKJIBIMA KOMIIAKTHBIMA 3HAYEHUSAMHA (UTO CJIEJyeT U3
cpoiict juddepennnana Kiuapka), pemenusi cucrembr (14) cymecTByer u sIBIASIIOTCS IPOJIOJIKAE-
MbIMH Ha oGnacTs (t, ) € [to,t1] x R™ (cm. [1]). Jlrobast ontumasnbrast Tpaekropust B 3a1a4e (1)
yaoBsieTBopsieT BKiouenuto (14). dpyrum ciaosamu, quddepennumanbaoe BKiouenne (14) mopox-
JIAET BCE BO3MOXKHBIE ONITHMAJIBHBIE TPAEKTOPUH. TeM He MeHee, OCTAETCsi OTKPBITHIM BOIPOC O TOM
Bce sin TpaekTopuu (14), gocTUraronme IWIOCKOCTA ¢ = t1 , ABJISIOTCS ONTHUMAIbHBIMA.

ueumu@}. (14)

IIpumep 1. PaccMoTpuM OJHOMEDHYIO 3a/iady MMITYJIbCHOTO yIpaBJIeHus BUja (2):

[V?g]u(-) —inf, dz = B(t)dU(¢), t € [-1,1],

x(—=1—-0)=uz9, x(1+0)=0.



Hanee 6ymyT mpusesieHbl TouHbIE (bOPMYJIbL J7isi (DYHKIMHA TeHbI (5) ¥ ONTUMAJILHOTO CHHTE3a
yupassiennii (13) st HekoTopbix MarpuuHbix Gynknui B(t). st 6osiee KOpOTKOi 3amvcu BBeIEM
caieTytonue o603HAUEHNS JJIsl UCTIOJb3yeMbIX BeKTOpPOB ympasjenus u = (u”,u’): o = (0,0), 1=

(1,0), |=(-1,0), —=(0,1).
o Ilpu B(t)=1—t, V(t,x)|z| /(1 —t) n

{07 l}a xr > 07
U*(t,z) =conv{ {o,1}, x <0,
{O7l7T7_>}7 .'Z':O

ITockosibky B(t) yOBIBaeT, yIpaBJICHUIO CJIE/yeT COBEPIIUTH CKAYOK B HAYAJIO KOODMHAT KaK
MOXKHO CKOpee.

o Tpw B(t)=1+1, V(ta) = o] /2 n

{o, =1}, t<1,

{o,—, |}, t=1,2>0,
{o,—, 1}, t=1,2<0,
{o,l,1,—}, t=1,2=0.

U*(t,xz) = conv

3aeck B(t) Bo3pacraeT, M yIpaBJIEHUIO BBITOJHO KJATh MOCJIEIHET0 MOMEHTa, YTOOBI COBEP-
IIATh CKAYOK MPH MaKCHMAaJbHOM 3HadeHnu B(1).

e Ilpu B(t)=1—1t* mmeem V(t,z)=|z|, t <0 m V(t,x)=|z| /(1 -t%), t>0.

({0, —}, t <0,

{o,—, |}, t=0,z >0,
{o,—,1}, t=0,2 <0,
{OvlvTvﬁ}v t>0,z=0,
{o, 1}, t>0,z>0,
{o, 1}, t>0,x <0.

U*(t,z) = conv

Ecom t < 0, ynmpaBiileHnio cieyeT KJIaTh W COBEPIIUTH CKAYOK TOJIBKO B MoMeHT ¢t = 0,
Koryia 3uaveHne B(t) makcumasibHo. Korja ¢ > 0, ynpaBiieHne JIOJDKHO COBEPIIATH CKAYOK
HEMEJJIEHHO, MTOCKOJIBKY 3HaueHune B(t) OyaeT yMeHbIIAThCs.

3 Cxema aOBOIHOIO orpaHMYEHUS

B npenpiiymiem pasjeiie paccMaTpUBaJach MJeajbHAas CXeMa, B KOTOPOW DEIeHNeM 33/1a4M yIIPaB-
JIeHUs sABJIsSinCh 0000mEénable pyHKmmu. Terneps Mbl MPEJACTABUM <«PEAJUCTUIHBINY TOIXO, B KO-
TOPOM YIIPABJICHUSMU SBJISIOTCS OTpaHUYEHHBIC (DYHKITUU, OJHAKO YUCIIO, OTPAHUYUBAIOINIEE HOPMY
YIIPaBJICHUS MOXKET OBITh CKOJIb YT'OJTHO OOJIBIIAM U CTPEMUTHCS K OECKOHEYIHOCTH.

Hasoxxum Ha ynpasienue B 3ajade (1) JomosiHUTEIbHOE TeOMETpUYECKoe orpanudenune, u(t) €

B

,,» M PACCMOTPUM COOTBETCTBYIOILYIO 33/a4y yIIPaBJICHA:

ﬂw»:ZWMMMHmeDHmﬂ

() = Al)a(t) + B@)ult), t € [to, ], (15)

(to) = w0, [lu(@)|] < p-

Pemenne B 3anaue (15) cymecrByer B cmily Teopembl Beifepinrpacca: MHOMXECTBO JIOIYCTH-
MBIX yIpaBJeHu# caabo KOMIIAKTHO (OHO OTPAaHMYEHO, 3aMKHYTO W BBIIYKJIO B MPOCTPAHCTBE
Lo([to, t1]; R™) ), a Muanmusupyembrit dbyukumonas J(u(-)) ciaabo nosyHenpepbiBeH CHU3Yy (Tak Kak
OH SIBJISIETCSI BBIYKJIBIM ¥ TIOJIyHEIIPEPbIBHBIM cHU3Y B Lo([to, t1]; R™) ).



@ynknuda nensl V), (to, x0) = Vu(to, o;t1, ©(-)) B 3TOi 3a1aue SBIAETCA BASKOCTHBIM DeEIICHAEM
[9] ypaBHenusi Tamnibrona—Skobu—Bemimana

oV, ov,
—— + min —E A x(t) + Bt)u ) + [|ul| p =0 16
o+ i {(GE A@)+ Bou) + ] (16)
¢ HadaJIbHBIM ycioBueM V(t1,z) = p(x). CneoBaTenbHo, KpoMe HEKOTOPBIX BBIPOXKJICHHBIX CIIy-
9aeB ONTHMAJIBHOE YIPABJICHHE JIOJKHO MO0 NPUHAMATH 3HAYEHUA U3 chephl S, , MO0 PABHATHCA
HYJIIO.

Dynkuust neHbl 330a49u (15) MoxkeT ObITH Half/IeHA KaK ONTUMAJILHOE 3HAYEHNE B KOHEYHOMEPHOM!
3aJlave OIITUMHU3aIlN:

t1
Vatt.) = sup {{p X (0 to)a) —u [ (|B@X ] - 1), dr -’ 0)} (D)
peER™ t

a compsi>kéHHas K Heil PyHKIMS 10 TIepeMeHHOM = 3a/1aércs hopMysioit

xqum%:¢@0+ullmB%ﬂXﬁhﬂmy—n+m: (18)

Buecy ay = max {a,0}.

BameTnM, UTO IpH CTPEMJICHHN [ K GeckoHedHoCTH BbipaxkeHusi (17), (18) npespamatorcs co-
orserctBenno B (7) u (8). Jna ciaydas z € R! MoxHO TOMyunTh colejiyroniyio oleHKY CKOpOCTH
CXOJIMMOCTH: JIJIs1 KaXk 1ot mo3unmu (¢, ) cymecrByer Takasi KoHcTaHTa C > (), 9TO BBINOIHSETCS

0K V(t,z) = Vy(t,z) =Cu!

Vpasuenne ['-91-B (9) takxke moxer GbiTh hopMasbHO TIONTyUeHo u3 (16) B mpesene mpu 1 — 00 .
OurnmasibHBIH CHHTE3 ynpaBiieHunii npejcrasisier coboii MHOXKeCTBO MuHIMHU3aTOPOB B (16), 1 B
Toukax jguddepennupyemoctu V), (t,x) MoXKeT OBITH 3aIlMCaH CIEYIONEM 06pa3OM:

{0, el < 1:
—Wﬂ}ﬂﬂ>L

Y oVy
rae ¢ = B'(t)5L . Crparerns (19) yIoBIeTBOPSIET YCIOBUSAM CYIIECTBOBAHUS ¥ IMPOJIOIKACMOCTH
TPaEKTOPHUH POCUHTE3NPOBAHHON CHCTEMBI, 3anMcannoi B popme anddepeHImaabHOr0 BKIIOYECHUS
[1]:
i(t) € A(t)a(t) + BOUE (L, ). (20)

Opnako, B (19) HEBO3MOXKHO TaKKe TepeiTH K Tpejiely, Kak B ciaydae (17) u (16). B wacTHOCTH,
HEsICHO, KaK OyJIeT BBIIVIsIETh IPOCMHTE3MPOBaHHasl cucreMa B 3azade (1).

Emgé oxna mnpobiiema cocrouT B TOM, 9TO eciu Obl cuHTe3 ynpapienuii (20) Obul peasm3oBaH
€ TOMOINBIO HEKOTOPOT'O JIMCKPETHOTO MeToja (HalmpuMep, cxeMa Diljiepa ¢ IaroM o BpeMeHHU o ),
He06X0 MO 66110 661 BEIGHPaTh 0 = O(p 1) JyIs JoCTHX)eHus: HeOGXOIUMOtt TOTHOCTH BHIYUCIICHHI,
YTO MOXKET OBITh HEBO3MOXKHO JIJIsi OOJIBINNX 3HAUYCHUN (i .

Yrobbl TPEOJoJIeTh yKa3aHHbIE TPYIHOCTH, TPEIJIAraeTcs CJeLyomee ONpeIeieHue CHHTE3a
ylpaBienuii juis 3agaqan (1).

Onpepenenne 1. [Tapa dynkumit U = {u(t,z;p), 0(t, z;u)} («ammumrygas U «YIMITEIBHOCTDY ),
YJIOBJIETBOPSIONTIX COOTHOIICHUSAM

U(t%ﬂ) € Sl U {0}7 U(t,.’L‘,ILL) - UOO(tvx)v
p—00

O(t, ;1) >0, pl(t, z3p) — meo(t, o),
p—00

Ha3bIBaeTCs cmpamezuell cunmesa 6 3adave (1).



COCT&BJISIIOIIII/IG u u 0 Takoi CTpaTeTru HAllIOMUHAIOT KOMIIOHEHTBI u® m ut

re3e ynpasiennii (13). Cocrasasitomasi u(t,x) yKa3blBaeT HAIPABJIEHHE YIIPABJISIOIETO UMILYJIbCA,
KOTODBIH BBIJIaéTCs HA uHTEepBasue [t,t+0(t,z)]. B npenese npu p — oo, § — 0 Takoe ympasieHue
epexouT B Jejbra-pysaknmio. laguM cTrporoe ornpejiesieHre MPOCHHTE3NPOBAHHON CHCTEMBL.

B nJcaJJbHOM CHH-

Onpenenenne 2. Sadukcupyem yupasienue $4, umcimo p > 0 um pagbuenume top = 79 < 71 <
... < Ts =t orpe3ka [tg,t1]. HazoBém annpoxcumayuonmvm dsusicenuem cucremsbl (1) pemmenue
TIOCJIEIOBATEIFHBIX UM (PEPEHITNATBHBIX YPABHEHUH

*

7 =T AO(Tic1, za(Tic1); 1),
EA(T) = pB)u(ri—1, oa(ric1);p), Tio1 <7 <7,
za(ri) = za(m).

Yucsmo 0 = max {7; — 7,_1} HasbBaeTcs duamempom pa3OUeHMsI.

Omnpenenenne 3. Koncmpykmusnvim deudicenuem cucteMbl (1) IpU CHHTE3UPYIONIEM yIIPABIICHAN
il Ha3bIBaeTCsl KyCOYHO-HenpepbiBHas dyHKIms z(t), npejcTaBuMasi B BUJIE HOTOUYEUIHOIO IPEJIesia
AlPOKCUMAIMOHHBIX JBHXKeHUN TA(t) mpu g — 0o u 0 — 0.

Ipeanosoxkum, 9o Tekymei nozunueit cucrembr (1) sisasierca (¢, %), m n3 ypasrenns (9) cue-
JyeT, 4TO yIpaBJieHHe JOJXKHO COBEPIINTh cKadoK hd(t — ). Torma Heo6XoaMMO BHIGPATh COOTBET-
cTByIOMHE 3JTeMeHThl cuaTe3a U = u(t, T; i), 0 = O(f,T; 1) Takum 06Pa3OM, YTOGHI BHITIOIHAJIOCH
cJIe IyioNye paBeHCTBO:

B(t)h = p /tth(t) dt | a.

TOF,IL& B IIpeJaeJie ImoJiydaeM

|
>

u(t, zp) = Tl pd(t,z ) = ||,

-k pooe

TO ecTh uMmmysbe hd(t — t) 3amensiercss (IpUOIMKEHHO) HA TJIATO AMIUIATYJIBI /i, HATIPABJIEHUS 1
7 JTATETHHOCTA ,u_thH .

4 Cuay4aii 1ByXxMepHOro ¢»a30BOro IIPOCTPAHCTBA

B srom pasjiene Oyjer n3ydeH crenmasbHblil ciydaii 3aja4n (2), a UMEHHO, JAByXMEpHasi CTalnoHaD-
Has CUCTEMA CO CKAJIIPHBIM yIIPAaBJIEHUEM:

dz(t) = Az(t) dt + bdU(t), t € [to,t1],
x(to —0) =z, z(t1 +0)=2x1, (21)
z(t) eR?, beR? U(t) e RL

Jost noiobubix cucreM GyjtyT PacCMOTDEHBI 3a/jada yIPaBJICHUs ¢ MUHMMAJILHON Bapuanueil u 3a-
Jada GbICTPO/IeCcTBHS. 3/1eCh BOBMOXKHO YKa3aTh CHHTE3 yIDPABJICHHWIl B SIBHOM BHJE C IOMOIIBIO
TaK Ha3BIBAEMBIX UMNYAbCHOLL NOSEPTHOCTMEL, TIPEACTABISIONX COOO aHAJIOIM MOBEPXHOCTEN Ie-
PEKJIIOYEHNsI B CJIydae OrPaHWYEHHOro ynpasieHnsi. ONTHMasbHOE yIpaBieHHE HMEET CKadOK Ha
VIMILYJIbCHON MOBEPXHOCTH, COOTBETCTBYIOIIMI Pa3pbIBY TpaekTopuu. IIpejcTraBieHHbIe PE3yIIbTATHI
OCHOBaHbI Ha T€OMETPUYECKHUX CBOHCTBAX MHOXKECTB JOCTHXKHMOCTH M T€OPEMe O CTPYKTYpe ONTH-
MaJIBHOI'O MIMITYJIbCHOT'O YIIPABJICHUSI.

B cueyrommeit TeopeMe omucaHa CTPYKTYPa MHOMKECTB JIOCTIPKAMOCTH U PA3PEIINMOCTH yIIPAB-
JsieMoii cucremst (21):



Teopema 5. Ilycmv X,[t;tg, Xo] — mmoorcecmeo docmuorcumocmu cucmemv (21), a W, [t t1, Xi]
— MHOIICECTNBO PASPEWUMOCTIU NPU Ycaosuu Vary, 11U (1) < p. Omu mmoorcecmea mozym Gvimo
NpPedcmasiend, 8 caedyrowem sude:

X[t to, Xo) = €240 Xy + puconv U A=) [—p, b,

TE[to,t]

Wyt t, X1] = e X 4 pcony U A=) [—p, ).
Te[t,tl}

Paccmorpnm HawanbHyio TOUKy o € W,lto;t1, {x1}]. Torma n3 yreepxkaenns 4 ciemyer, 9To
CyIeCcTByeT yIpaBJicHHe ¢ He Oojiee UeM JBYyMs HMILYyJbLCAMH, TO €CTh JiJI HEKOTOPOI'O MOMEHTA
s € [to,t1) BbIIOAHSIETCS

U(t) = hix(t — s) + hax(t — t1), h1,hy € RY, (22)

u ynpasJenue nepeBogut cucremy (21) us nosunmu (top — 0,29) B nosunmio (t1 + 0,21), npu sTOM

Var U(-) =Y |hi| < p.

[to,t1]

Pacemorpum 3ajiauy 6bicTposeiictBust Jisi cucteMbl (21), To ects t1 — tg — min. He rTepss
OBIIHOCTH MOXKHO CUMTATh, uTo %1 = (. Ec/jiu BO3MOXKHO I1epeBecTy CUCTeMY U3 TOYKU T B HA4YaJIO0
KOODJIMHAT, TO 3TO BO3MOXKHO CJeJIaTh He 0ojiee 9eM ABYMsS HMITYJIbLCAMH, TO €CTh yIIPaBJICHHEM,
HpeJICTaBUMBIM B BrJe (22).

Vzyunm crenualibHBLA ciIydaii, Korga S = f(j, TO €CTh ONTHMAJIbHOE yIPABJICHAE UMEET IMITYJIbC
B IEPBbIN ke MOMEHT BpeMeHH. MHOXkeCTBO Takux cocrosiHmilt 20 GyIeM Ha3BIBATH UMNYALCHOLM
muooicecmeom Ji[p] . Ymo6HO nipesictaBuTh (Ji (1] Kak 06beIMHEHNE MHOIHCECTNE PAGHHT UMNYALCOE
{r(h1,h2)} . o onpenesnennto, Touka x° jesxxut B8 r(h1, hy) , €cim ONTUMATEHOE YIIPABJICHIE NMEET
AMITyJIbC h{ B HAYaJbHBIM MOMEHT M ho B KoHeuHbIH. Cire10BaTEIHBHO, €CIN To(xo) — OITUMAJIb-
Hoe BpeMs Iepexojia cucTeMbl (21) m3 cocrosgnmsa 2° B Hauamo0 KOOPJMHAT, TO MHOYKECTBO PABHBIX
UMILYJILCOB IIPE/ICTaB/ISCTC B BUJIC

r(hi, ha) = {x e R"

T+ hab+ hye” T4 = 0}

JIemma 2. Ommuecém waorcdyro cucmemy (21) x odnomy us d6yzx kaaccos:
1. cucmemu, ¢ mampuueti A, umerowet cobcmeennble 3HAYEHUA PASHBIT 3HAKOS, U
2. 8ce umnvle CUCMeMbl.

B nepsom cayuae r(hy,hy) = {—hlb — hae ™4 ’ TE [O,t*]} . Bo smopom cayuae

—hib— hoe ™40 | T €[0,t*]}, hiho < 0;
7(h1, he) = L= > |7 € 0#1} huhs
I, hiho > 0.
30ecv t* = min {ty, tp}, u
ta = inf {¢ | e b € int W,[0; ¢, {0}]}, &y =inf{¢|b e intW,[0;¢,{0}]}.

Cremyrotast TeOpeMa OMKUCHIBAET CTPYKTYPY UMITYIBCHOTO MHOXKECTBA!

Teopema 6. Hmnyavcnoe mmoocecmeo Jiu] seasemcs 06sedunenuem MHOMCECNE PASHOLT UM-
NYALCOB

Tilp] = U r(h1, he)

|h1]+]h2|=p,h17£0



BbIamc/inB UMITyJILCHOE MHOMKECTBO, MOXKHO 3alHCaTh ONTUMAJBHOE YIpaBJIeHHE B CJICAYIONEeM
Bugie. Ecom xg € r(hy, he) mus Hekotopbix hi u hg, yuosaersopsiiommx |hi| + |ha| = w, TO
yTpaBJieHne mMeeT cKadok hid(t — tg). Unaue, korma wo € Ji[p], B MOMeHT BpeMeHU t) CcKadka
HET.

AHaJiorn4YHBIN pe3ysibTaT MOXKET OBITD YCTaHOBJIEH JUJId 3aJlavdyi yIIpaBJICHUA C MHUHHAMAaJIbHOMN

papuarmeit. OH HENOCPEJICTBEHHO CIIEAyeT W3 TEOPEMBI O CTPYKTYpPE WMITYJIHCHOTO MHOXKECTBA JIJIsS
3a71a4n OBICTPOJAEHCTBHS:

Teopema 7. Hmnyavcroe mroocecmso J,[t] npedcmasumo 6 caedyrowem eude:
o ccau t>t*, mo Jult] =9 ;

o Feau t <t*, mo Jylt] = {—hlb — th_tAb} , 20e h1 u ho doasichol umemsd 00UHAKOBVIT 3HAK
6 caynae 2) (aemma 2) u mozym umems w060t 3nax 6 cayuae 1).

Mowmenm epemenu t* moorcem bvimo eviuucaen ucroda us cucmemot (21).

CuHTE3 yIpaBJeHNH UMEET 37eCh TOT YK€ CaMBbIil B, 9TO W B 33/1a9€ ONITUMAJIFHOTO OBICTPOIei-
CTBHUS.

Ilpumep 2. PaccMoTpuM CIEAYOINIYIO 3329y 00 YCIIOKOCHUN MAsTHUKA UMITYJIbCHBIM YIIPABJICHAEM:

B

) 0<t<
dao(t) = —z1(t) dt + dU(¢),
) =af, 20— 0) =,
21(Z4+0) =0, a2(Z+0)=0.

IIpuBeném TouHOE pereHme 310 3aaa4n. Ecim B Tekymmeit mosunuu (¢, ) BBIIOJHSIETCS HEPa-

BEHCTBO .
o sign xy

2 27
\Vx] + x5

TO ONITAMAJIFHOE YIIPABJIEHUE UMEET CKAYOK B 9TOT MOMEHT C aMILIUTYA0U A1 , KOTOPAs OMPEIeIIseTCst
YPaBHEHUEM

t > — arcsin

(z2 + hy) signx;

t = — arcsin = >
Vi + (z2 + hi)
Uuade ynpaBiieHHe JOJKHO KJIATh TOTO MOMeHTa, Korja x1 = (0 (Takoii MOMEHT 0bsi3aTesbHO
HaCTaHeT) 7 Jajlee JIeJIaTh CKa4YOK C aMIUIATYI0W ho = —x9, IPUBOIAIMMN CHUCTEMY TIPSIMO B Ha-

qano koopauHaT. OnTUMaJIbHbIE TPACKTOPHUH, BBHIIYIEHHbIE B MOMeHT ¢ = () mOKa3aHbl Ha puc. 1.
CIuUTONIHBIMY JIMHASIMU YKA3aHBI HEMIPEPHIBHBIEC YACTU TPACKTOPUIN, TOHKAM IIYHKTUPOM — CKA4YOK B
HAYAJIBHBII MOMEHT, YKUPHBIM TYHKTUPOM — CKA4YOK B KOHEYHBII MOMEHT.

CoOTBETCTBYIOIIMI CHHTE3 yIPABJICHUM, TIOJYIE€HHBIM TPU JBONHOM OTrDAHUYEHUH, OIPEIEIIsIe-
Mbri dhopmynoii (19) (s ¢t = 0) npuBesén Ha puc. 2. OTMernM, uTo (ha30Boe TPOCTPAHCTBO Pac-
naJiaeTcd 3/1eCh Ha YeThipe objacTu: Tpu obsactu Ry, R_,, R, oTBedaloT 3HAYEHUAM yIIDaBJICHUA
0, p, —p, a BHeITHSAS 0071aCTh Ry CONEPXKUT Te HAYAIBHBIC TO3UIUN, U3 KOTOPBIX HEBO3MOXKHO
JIOCTNYb HAavaJsla KOODJMHAT 3a yCTAHOBJIEHHOE BpeMsi (TO €CTh 3a/1a4a He MMEEeT DEIIeHusl).

Ilpu crpemiternu 1 kK 6eckoHedHOCTH 00JIACTh Ry 3amOHSET BTOPON M 9eTBEPTHIN KBAJPAHT,
aobmactn R_, m R, 3anoiHSAIOT coboil IIepBbIi U TPETHii KBaIPAaHT COOTBETCTBEHHO (pHC. 3). DTO
B TOYHOCTH COBIIQJIACT C UJICAJIHHBIM UMITYJIbCHBIM yIIPABJIEHUEM, TTPEJICTABIEHHBIM Ha puc. 1.
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Puc. 1: U neasbable TpaeKTOPUU CUCTEMBI
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Happua A.H.,,Kypxanckuit A.B.,Cesneznén A. B. Meroa AmHAMAY€CKOT0 IIpOrpamM-
MHPOBaHUs B 33Ja4e CHHTE3a UMILYJIbCHBIX ynpasienuii // Jluddepenn. ypasuenus. 2005.
T. 777, Ne?777. C. 1 — 12.

B CTaThE PaCCMATPUBACTCA 3a/Javda CUHTE3a ONTHUMAJIBHBIX HMITYJIBCHBIX praBJIeHI/Iﬁ JJIA JIn-
HEWHBIX CHUCTEM C MCHOJIH30BAHUEM COOTBETCTBYIOIIIECTO KJlaCCa TO3UIMWMOHHBIX CTpaTeI‘I/Iﬁ yupasn-
Jgenns. [IpuBonuTcs pelleHHe KakK B UIEAJBbHON cXeMe, JOIYCKAIOIIed yIpaBjeHWs] THIA JIeJIbTa-
GbYHKINT, TAK U «PEAJTUCTUICCKUEY AMMTPOKCUMAIUIHN TIOCJIEI0BATEIFHOCTIMU JEIbTa-00pa3Hbx. Pe-
IIeHue IPeJICTaBJI€HO B TEPMHUHAX JUHAMMYECKOI'O IIPOIPAMMHUPOBAaHUSI, YKa3aHO COOTBETCTBYIOIIEE
KBa3WBApPUAIIMOHHOE HEpPaBEHCTBO Tuma | ammibroHa—AK0OM—-BenmMana Uit paccMaTpuBaemMoit 3a-
gaun. IIpenyoxkeHHas cxeMa JomycKaeT 000OIIeHne Ha 3aa4i, JOIYCKAIONIINE IIPOU3BOIHBIE JEIbTa-

GyHKIIN.
Bubaunorp. 22 Hass.
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