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J(u(·)) = Var
[t0,t1]

U(·) + ϕ(x(t1 + 0)) → inf,

dx(t) = A(t)x(t) dt + B(t) dU(t), t ∈ [t0, t1],

x(t0 − 0) = x0.
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x(t) ∈ R

n A ²��0�ª�6�@ ¨�â���>§����6�¯®
U(·) ∈ BV ([t0, t1]; R
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BV ([t0, t1]; R
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A(t) ∈ R
n×n ® B(t) ∈ R
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ϕ : R
n → R ∪ {∞}
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ϕ(x) = I(x | {x1})
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Var
[t0,t1]

U(·) → inf,

dx(t) = A(t)x(t) dt + B(t) dU(t), t ∈ [t0, t1],

x(t0 − 0) = x0, x(t1 + 0) = x1.
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V (t0, x0)
�A�A�.�ª���YÁ'¶AÃa�6���@��¢��0���@���@� �"�	�"���>����� ²d�#��§������6�	�0�	�

J(U(·))
�����U²d��§~�>�����6���0�����6�O�	�"�	�0���@���6�M���6�"�������

(t0, x0)
¥~ºd���6°��.�H«6�ª�	�>�����>���6���@�ª�6���0�@���,�M�	�0�"��Ö>�~¤

�������@�¼�@«@�6�"�	�ª���>�����
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ϕ(·)
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W (t0, x0) = W (t0, x0; t1, x1)
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W (t0, x0; t1, x1) = V (t0, x0; t1, I( · | {x1}))
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x(t1 + 0) = x1
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W (t0, x0; t1, x1) = sup
p∈Rn

〈p, x1 − X(t1, t0)x0〉

‖B′(·)X ′(t1, ·)p‖C[t0,t1]
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∂X/∂t = A(t)X
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dU(t) =
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i=1

hiδ(t − τi) dt,
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t0 6 τ1 < τ2 < . . . < τn 6 t1, ui ∈ R
m,

Var
[t0,t1]

U(·) =
n

∑

i=1

‖hi‖ = V (t0, x0).
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(t0, x0)

s
(t1, x1)
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V (t0, x0) = inf
x1∈Rn

{ϕ(x1) + W (t0, x0; t1, x1)}.
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P[t0,t1] =
{

p
∣

∣

∣
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}
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V (t0, x0)
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x1 ∈ X(t1, t0)x0 + P⊥
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V (t0, x0) = inf
x1∈X(t1,t0)x0+P⊥
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sup
p∈B

‖·‖[t0,t1]
∩P⊥

[t0,t1]

{ϕ(x1) + 〈p, x1 − X(t1, t0)x0〉}.
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[

〈p,X(t1, t0)x0〉 − ϕ∗(p) − I
(

p
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∣

∣
B‖·‖[t0,t1]

)]

.
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V ∗(t0, p) = ϕ∗(X ′(t0, t1)p) + I

(

X ′(t0, t1)p
∣

∣

∣
B‖·‖[t0,t1]

)

.
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V (t, x; t1, ϕ(·))
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τ ∈ [t0, t1]
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V (t0, x0; t1, ϕ(·)) = V (t0, x0; τ, V (τ, ·; t1, ϕ(·))).
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V (t1, x; t1, ϕ(·)) 6 ϕ(x)
®�§#�6���6���@�c¢
�A©T�>�P«6 W�@�¼�>�@���6°"��¢Wð����PÁ à�Ã��>���*�����>�6®

�����
V ∗(t1, p) = ϕ∗(p) + I(B(t1)p | B1).
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ϕ(x) = I(x | {x1})
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B(t1) = I
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V (t1, x; t1, ϕ(·)) = ‖x − x1‖ ≤ ϕ(x)
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V (t, x)
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min {H1(t, x, Vt, Vx), H2(t, x, Vt, Vx)} = 0,
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V (t1, x) = V (t1, x; t1, ϕ(·)).

H1(t, x, ξt, ξx) = ξt + 〈ξx, A(t)x〉, H2(t, x, ξt, ξx) = min
u∈S1

〈ξx, B(t)u〉 + 1.
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x V (t0, x0) ⊆ domV ∗(t0, ·) ⊆ X ′(t1, t0)B‖·‖[t0,t1]

⊆ X ′(t1, t0)B‖·‖[t0,t0]
=

{

p
∣

∣

∥

∥B′(t0)p
∥

∥ 6 1
}

.
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V ′(t0, x0; 0, B(t)u) > −1
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V ′(t0, x0; τ, ξ)
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(τ, ξ)
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V (t, x)
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H2(t0, x0, Vt, Vx) > 0
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t1 = t0+σ
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ϕ(·) = V (t0+σ, ·)
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x1 = X(t0+σ, t0)x0
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V (t0, x0) 6 V (t0 + σ,X(t0 + σ, t0)x0) = w(σ).
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H1(t0, x0, Vt, Vx) > 0
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τ1 > t0
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
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
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dx

ds
= A(t(s))x(s) · ut(s) + B(t(s))ux(s),

dt

ds
= ut(s).
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u(s) = (ux(s), ut(s)) ∈
R

m × R
�	�0���ª©H�>���U©TÖ"�>�@§~�@�MÁÉ°ª�"�@¢��>�@�������"�>§#�@�AÃ8�6°"�	�0�������>�����

u(s) ∈ B1 × [0, 1]
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J(u(·)) =

∫ S

0
‖ux(s)‖ ds + ϕ(x(S)) → inf,

t(0) = t0, t(S) = t1.
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min
ut∈[0,1]
ux∈B1

H(t, x, Vt, Vx, ut, ux) = 0,
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H(t, x, τ, ξ, ut, ux) =
{

[τ + 〈ξ,A(t)x〉]ut + [〈ξ,B(t)ux〉 + ‖ux‖]
}

= 0,
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U∗(t, x) =
⋃

(τ,ξ)∈∂CV

{

u
∣

∣ H(t, x, τ, ξ, ut, ux) = 0
}

,
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ds

(

x
t

)

∈

{(

A(t)x B(t)
1 0

)

u

∣

∣

∣

∣

u ∈ U∗(t, x)

}

.
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U∗(t, x)
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(t, x) ∈ [t0, t1] × R
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®~�~�@���~¬F�����U�6���@��¢��0���@�� ¨¢
�¯¥

À�{	Ë#Ì Y�{»¶ � �
�6�"�"¢��6�@����¢£�ª�����@¢
�>�����#¬D�A�A�.�"������¢
���A�����>���6°ª�+�#���	�0�@���>�����M�@�~�.�UÁ¹Æ@Ã>ð






Var
[−1,1]

u(·) → inf, dx = B(t) dU(t), t ∈ [−1, 1],

x(−1 − 0) = x0, x(1 + 0) = 0.
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B(t)
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u = (ux, ut)

ð
◦ = (0, 0)

®
↑=

(1, 0)
®
↓= (−1, 0)

®
→= (0, 1)
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B(t) = 1 − t
®

V (t, x) |x| /(1 − t)
�

U∗(t, x) = conv







{◦, ↓}, x > 0,
{◦, ↑}, x < 0,
{◦, ↓, ↑,→}, x = 0.
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B(t) = 1 + t
®

V (t, x) = |x| /2
�

U∗(t, x) = conv
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{◦,→}, t < 1,
{◦,→, ↓}, t = 1, x > 0,
{◦,→, ↑}, t = 1, x < 0,
{◦, ↓, ↑,→}, t = 1, x = 0.
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B(t)
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B(1)
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B(t) = 1 − t2
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V (t, x) = |x|
®

t 6 0
�

V (t, x) = |x| /(1 − t2)
®

t > 0
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U∗(t, x) = conv
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{◦,→}, t < 0,
{◦,→, ↓}, t = 0, x > 0,
{◦,→, ↑}, t = 0, x < 0,
{◦, ↓, ↑,→}, t > 0, x = 0,
{◦, ↓}, t > 0, x > 0,
{◦, ↑}, t > 0, x < 0.
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t < 0
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t > 0
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u(t) ∈

Bµ
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
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J(u(·)) =

∫ t1

t0

‖u(t)‖ dt + ϕ(x(t1)) → inf,

ẋ(t) = A(t)x(t) + B(t)u(t), t ∈ [t0, t1],

x(t0) = x0, ‖u(t)‖ 6 µ.
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Vµ(t0, x0) = Vµ(t0, x0; t1, ϕ(·))
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∂Vµ

∂t
+ min

u∈µB1

{〈

∂Vµ

∂x
,A(t)x(t) + B(t)u

〉

+ ‖u‖

}

= 0
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Vµ(t1, x) = ϕ(x)
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Vµ(t, x) = sup
p∈Rn

{

〈p,X(t1, t0)x0〉 − µ

∫ t1

t

(∥

∥B′(τ)X ′(t1, τ)p
∥

∥ − 1
)

+
dτ − ϕ∗(p)

}

,
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x
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V ∗
µ (t, p) = ϕ∗(p) + µ

∫ t1

t

(∥

∥B′(τ)X ′(t1, τ)p
∥

∥ − 1
)

+
dτ.
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a+ = max {a, 0}
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x ∈ R
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C > 0
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0 6 V (t, x) − Vµ(t, x) = Cµ−1
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µ → ∞
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Vµ(t, x)
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U∗
µ(t, x) =















{0}, ‖ζ‖ < 1;
[0,−µζ], ‖ζ‖ = 1;
{

−µ
ζ

‖ζ‖

}

, ‖ζ‖ > 1,
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°����
ζ = B′(t)

∂Vµ

∂x
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ẋ(t) ∈ A(t)x(t) + B(t)U∗
µ(t, x).
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U = {u(t, x;µ), θ(t, x;µ)}
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u(t, x;µ) ∈ S1 ∪ {0}, u(t, x;µ) →
µ→∞

u∞(t, x),

θ(t, x;µ) > 0, µθ(t, x;µ) →
µ→∞

m∞(t, x),
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u(t, x)
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[t, t+ θ(t, x)]
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µ → ∞
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θ → 0
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t0 = τ0 < τ1 <
. . . < τs = t1
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[t0, t1]
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τ∗
i = τi ∧ θ(τi−1, x∆(τi−1);µ),

ẋ∆(τ) = µB(t)u(τi−1, x∆(τi−1);µ), τi−1 < τ < τ ∗
i ,

x∆(τi) = x∆(τ∗
i ).
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σ = max {τi − τi−1}
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ū = u(t̄, x̄;µ)
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θ̄ = θ(t̄, x̄;µ)
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B(t)h̄ = µ

[

∫ t̄+θ̄

t̄

B(t) dt

]

ū.

¦��6°,�.�H�������*�	�>�������6�����	�6�"¢

u(t̄, x̄;µ) =
µ→∞

h̄
∥

∥h̄
∥

∥

, µθ(t̄, x̄;µ) =
µ→∞

∥

∥h̄
∥

∥,
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dx(t) = Ax(t) dt + bdU(t), t ∈ [t0, t1],

x(t0 − 0) = x0, x(t1 + 0) = x1,

x(t) ∈ R
2, b ∈ R

2, U(t) ∈ R
1.
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Wµ[t; t1,X1]� ÌdÒ�p2w­Y"Ñ�n(supt{bo�q�{dY��TË~Ì p0Ñ�nTËÜÍu{�ËÜÎ�Ñ�Ï�p�s6Ë�Ë
Var[t0,t1] U(·) 6 µ �K× nHË±ÌdÒ�p2w­Y"Ñ�n(suoPÌ p���Î'nÑyAÓTnHÐ

Í${dY5v0Ñ�n(ousªÏQY>Ò�ÓØs+Ñ�Ï�Y5vAÎ'���|Y�ÌZs6Ë�v�Y2�
Xµ[t; t0,X0] = eA(t−t0)X0 + µ conv

⋃

τ∈[t0,t]

eA(t−τ)[−b, b],

Wµ[t; t1,X1] = eA(t−t1)X1 + µ conv
⋃

τ∈[t,t1]

eA(t−τ)[−b, b].
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x0 ∈ Wµ[t0; t1, {x1}]
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s ∈ [t0, t1)
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U(t) = h1χ(t − s) + h2χ(t − t1), h1, h2 ∈ R
1,
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(t0 − 0, x0)
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(t1 + 0, x1)
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Var
[t0,t1]

U(·) =
2

∑

i=1

|hi| 6 µ.
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t1 − t0 → min
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Jt[µ]
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Jt[µ]
§~�0§¼�@«$Ù¯�*�������>�����8ÌdÒ�p2w­Y"Ñ�n(s�{bous0Ò�ÓjÕPË#ÌdÍ�Î6Ï�Ð�Ñ5p�s

{r(h1, h2)}
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r(h1, h2) =
{

x ∈ R
n

∣

∣

∣
x + h1b + h2e

−T0(x)Ab = 0
}
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r(h1, h2) =
{

−h1b − h2e
−τAb

∣

∣ τ ∈ [0, t∗]
} � Ü8p|s�n|p�{Qp*ÌâÑ�Ï�Î'r_o$Y

r(h1, h2) =

{

{

−h1b − h2e
−τAb

∣

∣ τ ∈ [0, t∗]
}

, h1h2 < 0;

∅, h1h2 > 0.
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t∗ = min {ta, tb}

��Ë
ta = inf

{

t
∣

∣ e−tAb ∈ intWµ[0; t, {0}]
}

, tb = inf { t | b ∈ intWµ[0; t, {0}]}.
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Jt[µ] =
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|h1|+|h2|=µ,h1 6=0

r(h1, h2)
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Jµ[t]
Í${dY5v0Ñ�n(ous0Ë~Ì p|s¼Ñ'ÏQY5vAÎ'���|Y'Ìäs0ËQv�Y2�

•
Y"Ñ�Ï�Ë

t > t∗
�¤n|p
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Jµ[t] =
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−h1b − h2e
−tAb
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Var
[0,

π
2 ]

U(·) → inf,

{

dx1(t) = x2(t) dt,

dx2(t) = −x1(t) dt + dU(t),
0 6 t 6

π
2 ,

x1(0 − 0) = x0
1, x2(0 − 0) = x0

2,

x1(
π
2 + 0) = 0, x2(

π
2 + 0) = 0.
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t > − arcsin
x2 signx1
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1 + x2
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t = − arcsin
(x2 + h1) signx1
√

x2
1 + (x2 + h1)2
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