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Oscillating System




Oscillating System

m1|}i/1 = k2(W2 — Wl) — k1W1
miw; = kit1(wit1 — wi) — ki(w; — wi_1)
myw, = kV+1(WV+1 - Wl/) - ku(Wl/ - Wl/—l) + U(t)

mywy = —ky(wy — wy—_1)

@ w; = w;(t) — displacements from the equilibrium
@ m; — masses of the loads

@ k; — stiffness coefficients

o u(t) =<9 — impulse control (U € BV)



p(Q)wee(t,€) = [Y(Owe(t, )], t>1t0, 0<E<L

w(t,0) =0, we(t,L)=u(t)/Y(L), t=>tg

w(to,€) = wo(€), we(to,&) = w0(¢), 0<E<L

o w(t,&) — displacement from the equilibrium
o u(t)= % — impulse control
@ p(&) — mass density

@ Y(&) — Young modulus



Oscillating System

Normalized matrix form:

dx(t) = Ax(t)dt + BdU(t)

=35 -

Wl(t)

()

This system is completely controllable.



Impulse Control Problem

Problem (1)

Minimize J(U(-)) = [Xi‘[] U(-) + o(x(t1 + 0))

over U(-) € BV [ty, t1] where x(t) is the trajectory generated by

control input
u(t) = dU
Cdt

starting from x(to — 0) = xo.

2N
U(t) = Z h;é(t — 7',')

Important particular case: ¢(x) = .#(x | {0})
— completely stop oscillations on fixed time interval [to, t1].



The Value Function

Definition

The minimum of J(U(-)) with fixed initial position x(tp — 0) = xo
is called the value function:

V(to,Xo) = V(t07X0; t1, ‘P())

V(tg, x0) = inf {go(xl)—i- sup
x1ER" pER”

(p,x1 — el1=0)Ax,) }

BTe(ti—)AT

p” C[to,tl]

The value function is convex and its conjugate equals
« _ T _ T
V¥ (to, p) = " (e~ WA p) 4 7 (=T | Pl en)

—_)AT
where [plg, ) = |87~ p)

C[to,tl].



Dynamic Programming Equation

The value function V/(t,x; t1, p(+)) satisfies
the Principle of Optimality

V/(to, xo; ) = V(to, x0; 7, V(7, -; ), T € [to, t1]

The value function it is the solution to the
Hamilton—Jacobi—Bellman quasi-variational inequality:

min {H1(t, x, V¢, Vi), Ha(t, x, Ve, Vi)} =0,

V(t1,x) = V(t1,x; t1, ().

Hy = Vi + (Vi,Ax), Hp = min (VX,Bu>+1:—HBTVX

uesS;

+ 1.




The Control Structure

Hi(t,x) =0 <«— (t,x) —> Ha(t,x)=0

l l

wait choose jump direction
du(t)=0 d=—-BTV,

choose jump amplitude
mina > 0: Hi(t,x +ad) =0

jump
Ur)=a-d-x(t—t)



Numerical Algorithm

The value function is

V(to, x0) = max (P, x0)-
e

Vt€e[to, t1]

Replace ||[BTe(t=tAT pll < 1 by a finite number of linear
y

inequalities, and [tp, t;] with a finite number of time instants:

V(to, x0) = max (P, x0)
(4:,BTel1=94T ) <1,i=T W
t=01,02,...,.0k

which is a LP problem.



Numerical Algorithm

Finding control for given (t, x) is a LP ranging problem.

The error estimate is

V(t,x) < V(t,x) < V(t,x)[1+ O(KY)],



Ellipsoidal Approximation

Z[t] — backward reach set under condition Var U < v

V(t,x) =min{v | x € Z,[t]}

We look for an approximation of .2, [t].
Ellipsoids:

&(q,Q) = {x| (x—q,Q7(x—q)) <1}
p(L]&(q,Q)) = (L, q) + (£, QL)

NI

(see Kurzhanski and Valyi, 1997)



Ellipsoidal Approximation

Ellipsoidal approximation is derived through comparison principle
for Hamilton—Jacobi equations (Kurzhanski, 2006):

2, [t] = €(0, (v — k(¢))Z(1))

Z =AZ+ZAT —(t)BBT Z(t1) =0
k =—Ln(t) k(t}) =0

Here n(t) > 0 is a parameter function

2,0t =d|J 2,1
v()
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Asymptotic Solution (At — 00)

h,, dh/dt h,. dh /dt

h,, dh /dt

Time t

Time t



Asymptotic Solution (At — o0)

d|J 2l =% = ﬂc

t<t1

@ Z1[t] — backward reach set under condition Var U < 1
o = { (h, h ‘w2h2 + h2 bf} — ellipsoids

Control strategy:
o “Optimal”: jump if |[BT#| =1 <= h; =0 for all
maximizers j in (*). Useless after first jump.
® c-optimal: jump if ‘BT”//X| =>1—e
v
1—¢

Var U(-) <



Unilateral Impulses

Additional constraint: dU > 0 (dU < 0).

General case: KdU > 0 (K — matrix) or dU € # (£ — cone).

@ The minimum number of impulses is the same — 2N.
@ Numerical procedures apply with minor modifications.
@ Asymptotic solution does not change.

@ The problem may be not solvable on small time intervals.



Unilateral Impulses
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Impulse vs Bang-Bang Controls
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Double Constraint Approach

Problem (2)

Minimize J(u) = /t1 lu(t)| dt + p(x(t1))

to

over controls u(t) satisfying |u(t)| < p, where x(t) is the
trajectory generated by control u starting from x(tg) = xo.

Here controls are bounded functions.
Optimal controls only take values —pu, 0, p.

V,.(t, x) is the value function for Problem 2.

0 < Vyu(t,x) — V(t,x) = O(u ) for each (t,x)



Double Constraint Approach

mu =5

Not Solvable

Not Solvable




Double Constraint Approach
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Generalized Impulse Control Problem

Problem (3)

Minimize J(u) = p*[u] + o(x(t1 + 0))

over distributions u € Ds[c, (], (o, B) 2 [to, t1] where x(t) is the
trajectory generated by control u starting from x(tg — 0) = xo.

Here p*[u] is the conjugate norm to the norm p on Cl[a, A]:

pl] = max /()P + [(0)]”

Z hO5(t — 1)+ W8 (£ — 7).

=1



Reduction to Impulse Control Problem

_dby U,

ue D dt+dt2

Uy, U1 € BV

Problem 3 reduces to a particular case of Problem 1 for the system

x=Ax+%Pu, B=(B AB)

= 2= ()

Error bound for numerical algorithm:

and the control

V(t.x) < V(t.x) < V(Ex)[1+ 0K+ M%),



@ Chain of 5 springs
@ String (10 elements)
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Continuous and Smooth Controls

It is required to use continuous or smooth controls.

Control force is produced by an integrator

t Ty ™
F(t):/ / / u(m)dm -~ dm,
to Jto to
—_———

v times

u(t) is the new control variable.

Hard bound (geometrical constraint) on control:
u(t) € Z =[—p,

Examples:
@ Continuous Control

@ Smooth Control
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