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ÂâåäåíèåÑèñòåìà̇
x(t) = A(t)x(t) + B(t)u(t) + C (t)v(t) t ∈ [t0, t1]

x ∈ R
n � ïîëîæåíèå

u ∈ R
m � óïðàâëåíèå

v ∈ R
k � çàðàíåå íåèçâåñòíàÿ ïîìåõà

[t0, t1] � �èêñèðîâàííûé èíòåðâàë âðåìåíè
x(t0) = x0 � èçâåñòíîå íà÷àëüíîå ïîëîæåíèåÎãðàíè÷åíèÿ:

u(t) ∈ P(t)
v(t) ∈ Q(t)Öåëü óïðàâëåíèÿ: x(t1) ∈ M 3.06.2010 2 / 28



ÂâåäåíèåÎñíîâà ðåøåíèÿ çàäà÷è ñèíòåçà �àëüòåðíèðîâàííûé èíòåãðàë Ë. Ñ. ÏîíòðÿãèíàÌàêñèìèííîå ìíîæåñòâî ðàçðåøèìîñòè:
W+(t; t1,M ) = {x ∈ R

n | ∀v(·)∃u(·) : x(t1; t, x , u(·), v(·)) ∈ M }Àëüòåðíèðîâàííûå ñóììû:
I

+
T
[t] = W+(t; τ1,W

+(τ1; τ2, . . .W
+(τk ; t1,M ) . . .))Àëüòåðíèðîâàííûé èíòåãðàë:

I [t] =
⋂

T

I
+
T
[t] 3.06.2010 3 / 28



Ââåäåíèå
Îïîðíàÿ �óíêöèÿ W+[t] (ñëó÷àé A(t) ≡ 0):
ρ
(

ℓ
∣

∣ W+[t]
)

= conv
{

ρ (ℓ | M ) +

+

∫ t1

t

ρ (−ℓ | B(t)P(t)) dt −

∫ t1

t

ρ (ℓ | C (t)Q(t)) dt
}Íåîáõîäèìî âû÷èñëÿòü âûïóêëóþ îáîëî÷êó íà êàæäîìøàãå ðàçáèåíèÿ.
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Ââåäåíèå�åøåíèå óïðîùàåòñÿ â ÷àñòíûõ ñëó÷àÿõ.Óñëîâèå ¾ïîëíîãî âûìåòàíèÿ¿:
ρ (−ℓ | B(t)P(t))− ρ (ℓ | C (t)Q(t)) � âûïóêëàÿÏîäîáèå: P(t) = α(t)Q(t), |α(t)| ≥ 1Íå òðåáóåòñÿ âûïóêëàÿ îáîëî÷êà:
ρ
(

ℓ
∣

∣ W+[t]
)

=�
��conv

{

ρ (ℓ | M ) +

+

∫ t1

t

ρ (−ℓ | B(t)P(t)) dt −

∫ t1

t

ρ (ℓ | C (t)Q(t)) dt
}�åøåíèå ñâîäèòñÿ ê ïðîãðàììíûì êîíñòðóêöèÿì:

I [t] = W+[t]. 3.06.2010 5 / 28



ÂâåäåíèåÏðèìåðû:Óñëîâèå ïîäîáèÿ (⇒ óñëîâèå ïîëíîãî âûìåòàíèÿ)âûïîëíåíî ïðè µ ≥ ν:
{

ẋ1(t) = x2(t),

ẋ2(t) = u(t) + v(t),
|u| ≤ µ, |v | ≤ ν.Óñëîâèå ïîëíîãî âûìåòàíèÿ íå âûïîëíåíî íè ïðè êàêîìîãðàíè÷åíèè íà u:

{

ẋ1(t) = x2(t) + v1(t),

ẋ2(t) = u(t) + v2(t). 3.06.2010 6 / 28



Çàäà÷à
Çàäà÷àÓêàçàòü êëàññ óïðàâëåíèé, ïîçâîëÿþùèé ñâåñòè ðåøåíèåçàäà÷è ñèíòåçà ê ïðîãðàììíûì êîíñòðóêöèÿì äëÿ ñèñòåì áåçóñëîâèÿ ïîëíîãî âûìåòàíèÿ.

3.06.2010 7 / 28



Áûñòðûå óïðàâëåíèÿÎáîáù¼ííîå óïðàâëåíèå (ñëó÷àé t0 = t1):
u(t) =

s
∑

j=0

hsδ
(s)(t − t1), hs ∈ R

mÏðè áîëüøîì s ïåðåâîäÿò âïîëíå óïðàâëÿåìóþ ñèñòåìóèç x0 â x1 çà íóëåâîå âðåìÿ.Áûñòðûå óïðàâëåíèÿ � îãðàíè÷åííûå àïïðîêñèìàöèèîáîáù¼ííûõ óïðàâëåíèé.Ïåðåâîäÿò âïîëíå óïðàâëÿåìóþ ñèñòåìóèç x0 â x1 çà ïðîèçâîëüíîå ìàëîå âðåìÿ.Áûñòðûå óïðàâëåíèÿ ðàñøèðÿþò êëàññ çàäà÷,ðåøàåìûõ ïðîãðàììíûìè êîíñòðóêöèÿìè. 3.06.2010 8 / 28



Ñõåìà ðåøåíèÿÈñõîäíàÿ ñèñòåìà (1)
⇓ (�îðìàëüíûé ïåðåõîä)Ñèñòåìà ñ îáîáù¼ííûìè óïðàâëåíèÿìè (2)
⇓ (ñâåäåíèå)Ñèñòåìà ñ èìïóëüñíûìè óïðàâëåíèÿìè (3)
⇓ (ââåäåíèå äîïîëíèòåëüíîãî îãðàíè÷åíèÿ)Ñèñòåìà ñ áûñòðûìè óïðàâëåíèÿìè (4)
⇓ (ðåøåíèå çàäà÷è ñèíòåçà ñ ïîìîùüþ ïðîãðàììíûõ êîíñòðóêöèé)Îãðàíè÷åííîå óïðàâëåíèå äëÿ ñèñòåìû (4)
⇓ (àïïðîêñèìàöèÿ)Îãðàíè÷åííîå óïðàâëåíèå äëÿ ñèñòåìû (1) 3.06.2010 9 / 28



Îáîáù¼ííûå óïðàâëåíèÿÎáùèé âèä
u(t) =

s
∑

j=0

d j+1Uj(t)

dt j+1
, Uj(·) ∈ BV ([t0, t1];R

m)Â ÷àñòíîñòè, ïðè îòñóòñòâèè ïîìåõè
u(t) =

n
∑

i=1

s
∑

j=0

hi ,jδ
(j)(t − τj),

δ(t) = χ′(t)

hi ,j ∈ R
m � íàïðàâëåíèå è àìïëèòóäà îáîáù¼ííûõèìïóëüñîâ

τi � ìîìåíòû ïðèëîæåíèÿ ýòèõ èìïóëüñîâ 3.06.2010 10 / 28



Ñèñòåìà ñ èìïóëüñíûìè óïðàâëåíèÿìèÑèñòåìà ñ îáîáù¼ííûìè óïðàâëåíèÿìè ñâîäèòñÿ ê ñëåäóþùåé:
dx(t) = A(t)x(t)dx(t) + B(t)dU(t) + C (t)v(t)dt

U(t) =
[

U0(t) · · · Us(t)
]

∈ BV ([t0, t1];R
m(s+1)) �èìïóëüñíîå óïðàâëåíèå

B(t) =
[

L0(t) · · · Ls(t)
]

L0(t) = B(t), Lj(t) = A(t)Lj−1(t)−
dLj−1(t)

dt
, j = 1, s.öåëü óïðàâëåíèÿ � x(t1 + 0) ∈ M 3.06.2010 11 / 28



Ñèñòåìà ñ èìïóëüñíûìè óïðàâëåíèÿìè
RangeB(t) ⊇ RangeB(t) � óâåëè÷åíèå âîçìîæíîñòåéóïðàâëåíèÿÏðåäïîëîæåíèåÍàéä¼òñÿ s ≤ n − 1, ïðè êîòîðîì RangeB(t) ⊇ RangeC (t) äëÿâñåõ t ∈ [t0, t1].Íàïðèìåð:

A(t) ≡ A

B(t) ≡ B

[A,B ] � óïðàâëÿåìàÿ ïàðà 3.06.2010 12 / 28



Ñèñòåìà ñ îãðàíè÷åííûìè óïðàâëåíèÿìè
Äîïîëíèòåëüíîå îãðàíè÷åíèå

u(t) = dU/dt ∈ P(t).

ẋ(t) = A(t)x(t) + B(t)u(t) + C (t)v(t), t ∈ [t0, t1]. (1)
u(t) =

[

u0(t) · · · us(t)
]

∈ R
m(s+1)öåëü óïðàâëåíèÿ � x(t1) ∈ M
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Âûáîð îãðàíè÷åíèé íà óïðàâëåíèåÖåëü: ñîãëàñîâàòü îãðàíè÷åíèÿ íà ïîìåõó è óïðàâëåíèå, ÷òîáûâûïîëíÿëîñü óñëîâèå ¾ïîëíîãî âûìåòàíèÿ¿:
(BP −̇CQ) + CQ = BP (*)Ñïîñîáû:1 Âûáðàòü P èç óñëîâèÿ (∗)2 Ïîñëåäîâàòåëüíî:1 Âûáðàòü P, ò.÷. BP −̇CQ 6= ∅2 Âûáðàòü Q̂ ⊇ Q èç óñëîâèÿ (∗)
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Âûáîð îãðàíè÷åíèé íà óïðàâëåíèåÎáùèé ñëó÷àé
ËåììàÄëÿ ëþáîãî ìíîæåñòâà N (t) ∈ conv RangeB(t) ñóùåñòâóåòìíîæåñòâî P(t) ∈ convRm(s+1), òàêîå ÷òî B(t)P(t) = N (t).Ïîëîæèì

N (t) = αC (t)Q(t) + N0(t), α ≥ 1,ãäå N0(t) ∈ conv RangeB(t) � ïðîèçâîëüíîå ìíîæåñòâî.
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Âûáîð îãðàíè÷åíèé íà óïðàâëåíèåÑèñòåìà ñïåöèàëüíîãî âèäàÏóñòü A(t) ≡ A, B(t) ≡ B , [A,B ] � óïðàâëÿåìàÿ ïàðà:
B(t) ≡ B =

[

B AB · · · AsB
]

.Ïóñòü ïîìåõà v(t) =
[

v1(t) · · · vr (t)
]

C =
[

k1A
j1B · · · krA

jrB
]

, 0 ≤ j1 < j2 < · · · < jr ≤ s; ki ∈ R.Ïóñòü îãðàíè÷åíèå íà ïîìåõó Q çàäàíî â âèäå
‖v1(t)‖ ≤ 1, . . . , ‖vs(t)‖ ≤ 1.Òîãäà îãðàíè÷åíèå íà óïðàâëåíèå ìîæíî çàäàâàòü â âèäå

‖u0(t)‖ ≤ µ0, . . . , ‖us(t)‖ ≤ µs ,ïðè÷¼ì óñëîâèå ïîëíîãî âûìåòàíèÿ âûïîëíåíî ïðè
µj1 ≥ k1, . . . , µjr ≥ kr . 3.06.2010 16 / 28



Âûáîð îãðàíè÷åíèÿ íà ïîìåõóÎïðåäåëåíèå (Ïîëîâèíêèí, Áàëàøîâ)
X ∈ convRn � ïîðîæäàþùåå ìíîæåñòâî, åñëè ∀Y ⊆ R

n,ò.÷. X −̇Y 6= ∅, ∃Z ∈ convRn, ò.÷. X −̇Y + Z = XÎòìåòèì, ÷òî
Z ⊇ Yäëÿ X è Z âûïîëíÿåòñÿ óñëîâèå ïîëíîãî âûìåòàíèÿÏóñòü P(t) óäîâëåòâîðÿåò óñëîâèÿì:1 B(t)P(t) −̇C (t)Q(t) 6= ∅;2 B(t)P(t) � ïîðîæäàþùåå ìíîæåñòâî â RangeB(t).Çàìåíèì ìíîæåñòâî Q(t) íà Q̂(t) ⊇ Q(t), òàê ÷òîâûïîëíÿåòñÿ óñëîâèå ïîëíîãî âûìåòàíèÿ. 3.06.2010 17 / 28



Âûáîð îãðàíè÷åíèÿ íà ïîìåõó
n = 2: ëþáîå âûïóêëîå çàìêíóòîå ìíîæåñòâî � ïîðîæäàþùåå.
n ≥ 3. Ïóñòü B(t) =

[

B1(t) B2(t)
], ãäå B1(t) ∈ R

n×q �ïîëíîãî ðàíãà. Ñîîòâåòñòâåííî u(t) =
[

u1(t) u2(t)
],

u1(t) ∈ R
q.Îïðåäåëèì îãðàíè÷åíèå íà óïðàâëåíèå u(t):1 îãðàíè÷åíèå íà u1 îäíîãî èç äâóõ òèïîâ:1 |(u1)j | ≤ µj ;2 ‖u1‖ ≤ µ.2 u2 ∈ P2(t).Òîãäà ìíîæåñòâî B(t)P(t) áóäåò ïîðîæäàþùèì. ×èñëà µj (µ)òàêèå, ÷òîáû B1(t)P1(t) −̇C (t)Q(t) 6= ∅. 3.06.2010 18 / 28



Âû÷èñëåíèå óïðàâëÿþùèõ âõîäîâÍàïîìíèì:
u(t) =

s
∑

j=0

d j+1Uj(t)

dt j+1
, Uj(·) ∈ BV ([t0, t1];R

m)

u(t) =
n

∑

i=1

s
∑

j=0

hi ,jδ
(j)(t − τj),? � ðåàëèçîâàâøååñÿ óïðàâëåíèå u(t) íå ãëàäêîåÏîäõîäû:çàìåíèòü δ��óíêöèè èõ àïïðîêñèìàöèÿìèàïïðîêñèìèðîâàòü u(t) ãëàäêèìè �óíêöèÿìè 3.06.2010 19 / 28



Âû÷èñëåíèå óïðàâëÿþùèõ âõîäîâÏåðâûé ïîäõîä
u(t) =

∑n

i=1

∑s

j=0
hi ,j∆

(j)
h
(t − τj),

∆
(0)
h (t) = h−1

1[0,h](t), ∆
(j)
h (t) = h−1

(

∆
(j−1)
h (t)−∆

(j−1)
h (t − h)

)Ìàòðèöà B(t) çàìåíèòñÿ íà
Mh(t) =

(

M
(0)
h (t) · · · M

(s)
h (t)

)

M
(j)
h = h−j(I − e−Ah)jM

(0)
h , M

(0)
h = h−1

[

∫ h

0 eAtdt
]

B .ÒåîðåìàÏóñòü A(t) ∈ C [t0, t1], B(t) ∈ C s+1[t0, t1].Òîãäà Mh(t) ⇉ B(t) ïðè h → 0 ðàâíîìåðíî íà [t0, t1].Ñëåäñòâèå: åñëè rankB(t) ≡ n, òî ïðè h → 0 èìååì
rankMh(t) ≡ n. 3.06.2010 20 / 28



Âû÷èñëåíèå óïðàâëÿþùèõ âõîäîâÏåðâûé ïîäõîäÍîâàÿ ñèñòåìà
ẋh(t) = A(t)xh(t) + Mh(t)u(t) + C (t)v(t) (2)ÒåîðåìàÏóñòü u(t) ≡ 0, v(t) ≡ 0 ïðè t ∈ (ϑ, ϑ+ (s + 1)h]. Òîãäà

xh(ϑ+ (s + 1)h) = x(ϑ + (s + 1)h), ãäå x(t) � òðàåêòîðèÿèñõîäíîé ñèñòåìû ïðè óïðàâëåíèè
uh(t) =

s
∑

j=0

∫ t

t0

∆
(j)
h
(t − τ)uj(τ)dτ.
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Âû÷èñëåíèå óïðàâëÿþùèõ âõîäîâÂòîðîé ïîäõîäÀïïðîêñèìèðóåì êîìïîíåíòû u(t) ãëàäêèìè �óíêöèÿìè:
û(t) =

[

û0(t) · · · ûs(t)
]

ûj(t) = h−1

∫ t1

t0

Kj((t − τ)/h)uj(τ)dτ.

Kj(t) = 1[0,1](t)Cj(t(1− t))j+1, Cj =
(2j + 3)!

((j + 1)!)2
.Óïðàâëÿþùèé âõîä äëÿ èñõîäíîé ñèñòåìû:

û(t) =

s
∑

j=0

û
(j)
j (t) =

s
∑

j=0

h−(j+1)

∫ t1

t0

K
(j)
j ((t − τ)/h)uj (τ)dτ.3.06.2010 22 / 28



Ïðèìåð�àññìîòðèì ñèñòåìó
{

ẋ1(t) = x2(t) + v1(t),

ẋ2(t) = u(t) + v2(t),ñ îãðàíè÷åíèÿìè íà ïîìåõó |v1| ≤ µ1, |v2| ≤ µ2.Äëÿ ýòîé ñèñòåìû
B(t) =

[

0 1
1 0

]

, Mh(t) =

[

h/2 1
1 0

]

.
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ÏðèìåðÏåðâàÿ ñõåìà. Ëèíåéíàÿ çàìåíà û1(t) = hu1(t)/2 + u2(t),
û2(t) = u1(t):

{

ẋh1(t) = xh2(t) + û1(t) + v1(t),

ẋh2(t) = û2(t) + v2(t).Îãðàíè÷åíèÿ íà óïðàâëåíèå: |û1| ≤ ν1, |û2| ≤ ν2, ãäå νj ≥ µj .Âòîðàÿ ñõåìà.
{

ẋ1(t) = x2(t) + u1(t) + v1(t),

ẋ2(t) = u2(t) + v2(t),Îãðàíè÷åíèÿ íà óïðàâëåíèå: |u1| ≤ ν1, |u2| ≤ ν2, ãäå νj ≥ µj .3.06.2010 24 / 28
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Ñòàòüÿ
ÑñûëêàÀ. Í. Äàðüèí, À. Á. ÊóðæàíñêèéÁûñòðûå óïðàâëåíèÿ â çàäà÷å ñèíòåçà óïðàâëåíèé ïðèíåîïðåäåë¼ííîñòèÄè��åðåíöèàëüíûå óðàâíåíèÿ, 2011, � 7, â ïå÷àòè.
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