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The System

de = Az dt + bdU(t)

dU

Pk generalized derivative

VarU < u



The Problem
=

Problem 1. Minimize

J(U()) = [X?Zf] U() + ¢(x(t1 +0)) — inf,

over U(-) € BV ([tg,t1]; R™) subject to
de(t) = A(t)x(t)dt + B(t) dU(t), t € [tg,t1],

z(tg — 0) = zp.

Important particular case:
o(x) =0(x | {x1}): steer from (g, xg) tO (1, x1).

o



Theldeal Scheme




The Value Function

-

The minimum of J(U(-)) with fixed initial position
x(tg — 0) = x¢ IS called the value function:

-

V(to, xz0) = V(to, zo;t1, (+)).



Calculating the Value Function
b

# find optimal 1 = z(¢; + 0)

-

ecompose the problem into two parts:

o find optimal U(-) to steer from (tg, xg) t0 (t1,x1)

. (p, 21 — X (t1,%0)70)
V(tg,r9) = int < ©(x1)+ sup .
( ) 1 ER"™ { ( ) peR” HB/()X/(t17 .)pHC[to,tl]

X(t,7) Is the solution to

0X(t,7)/ot =At)X, X(r,7)=1.

o |
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Calculating the Value Function ||

- N

t1
X (t1,t0)zo + X(t1,t)B(t)dU(t) = x1
to

P, 11 — X(t1,t0)20) = /ttl (B'()X'(t1, t)p, dU(t)) <

< [max B’(t)X’(tl,t)p] - Var U(-)

tE[to,tl] [tO,tl]

— X (11,1
inf Var U() — sup <p/’ 11 / ( L, O)ZCO>
[to,t1] peER™ HB ()X (tla .)pHC[tO,tl]

o |




The Conjugate of the Value Function

-

The value function is convex and its conjugate equals
V*(t(),p) — W*(X/(tmtl)p) + 5(X/(t0,t1)p ‘ %}”.H[to tl])

where |[pll, ) = 1B 0)X (1, )pll i)

t =11 t=1t1+0
DPn
Il ///
p1 P1

-



-

o

Calculating the Conjugate

V(to,l’o): inf <

1 ER?

/

p(x1) + sup

inf {o(z1) + (p,21) — (P, X(t1,t0)20) }-

(p, x1 — X (1, t0)Z0)
pEE@%”13/(’))(7(t1>’)Z7H(7ﬁo¢1]

<p7 L1 — X(tla t0)$0>

{—¢"(—=p) — (p, X(t1,t0)70) }.

V(to,x0) = inf q p(z1)+  sup
xr1 ER™ ch
A P= g 1)
V(ty,xg) =  sup
pPERB, x1ER™
| ||[t0,t1]
V(ty,z9) =  sup
pPEA
| ||[t0,t1]

V(to, xg) = sup {gp*(p) — (p, X (t1,t0)x0) — 5(

peER™

\

> .

/

P i)}

-

|



ThePrinciple of Optimality
-

The value function V (¢, z;t1, ¢(+)) satisfies
the Principle of Optimality

-

V(to,a:‘o; ) — V(to,lli‘o;ﬂv(ﬂ'; ))7

where 1 € [to, t1].

V(to, zost1,0(+))

| t/ D
A
V(to,lEO;T,V(T,')) V(Tvx;t1790<'>)

o |




ThePrinciple of Optimality I
-

In the general case V (t1,z;t1, () < ¢(x), Since

Vi(t1,p) = ¢"(p) + o(B(t1)p | %)

-

For example, if o(x) =6(x | {x1}) and B(t;) = I, then

V(ty, it 90(-) = |l — 1.

However, due to the Principle of Optimality,

V(tl,x; ) :V(tl,ZE;tl,V@l,-; ))

o |



Dynamic Programming Equation

-

The value function it is the viscosity solution to the
Hamilton—Jacobi—Bellman equation:

-

min {Hl(t,l‘, Vi, vx)a HQ(taxa Vi, Vx)} = 0,

V(ti,z) =V (1, z;t1, ().

Hl(taxaftafiﬂ) — ft T <€~’E7A<t)x>7

Hy(t,,6,€) = min (€, B(t)) +1 = —|[BT(1)&,

+ 1.




The Control Structure

-

Hi(t,z) =0 <— (t,x) — Hy(t,z) =0

| |

wait choose jump direction
dU(t) =0 d=—B'(t)Vy

|

choose jump amplitude
mina > 0: Hi(t,x + ad) =0

|

jump
UT)=a-d-x(t—1)

|



The Realistic Scheme




The Additional Constraint Approach
B -

Introduce a hard bound on the control, u(t) € %, and
consider the corresponding problem:

Problem 2. Minimize

() = [ @)l dt + p(a(t) = inf,
over u(-) € Li([to, t1]; R™) subject to

#(t) = A(t)z(t) + B(t)u(t), x(to) = o,

lu)[| < 4.
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The Value Function

-

The minimum of J,(U(-)) with fixed initial position z(tg) = zo
IS called the value function:

V,Lt<t07 xO) — v,u(t(b L0, tl) 90())

-

The value function of the Problem 2 iIs the viscosity solution
to the Hamilton—Jacobi—Bellman equation

S+ min (AWl + BOw) + Jul | -

UEUAB,

V.(t1, ) = p(z).

o |
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Calculating the Value Function

-

The value function of the Problem 2 is

-

Viu(t,z) = sup {(an(?tho)ﬂf@—
peER”

[ (Bl 1), 00 - )

and Iits conjugate in x IS

Vi(t,p) = ¢*(p) +u/t (1B X (t1,7p — 1). dr



The Convergenceof V,
A .

S u— 00,

V.(t,x) = V(¢ 2), V;(t,x) — V*(t, x).

Under certain assumptions

0 < V(t, o) = V(t,x) = O(u™ ).

The HIB equation for Problem 1 may also be derived in the
limit from the one for Problem 2, as u — ~c.

o |
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The Control Synthesis
. -

The optimal feedback control strategy for Problem 2 is the
minimizer in the HIB equation:

({0}7 C < 1;
%;(t,l‘) — [07 _ﬂg]a C = 1; C: B/(t)%
\{—’uﬁ}7 C > 17

(In points where V,(¢, z) Is differentiable In x).

o |
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Example: The Problem

-

t <

No[=

dzi(t) = xo(t)dt, 0 <
dao(t) = —m(O)dt + dU®),

Var U(-) — inf,
0,5]

21(0—-0) = 27, 22(0—0) =23, z1(£4+0) =0, x2(2+0)=0.

\ L n




-

Example: Theldeal Control

10

wait

jump down

jump up

wait

-8

10

-

|
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Example: Theldeal Trajectories

- . N

: %Jj




Example: The Realistic Control

-

mu=5

Not Solvable

Not Solvable

Petrovski-2007 — p. 23/26



Example: The Realistic Trajectories

-




Example: The Convergence

-
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