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Çàäà÷à èìïóëüñíîãî óïðàâëåíèÿ ïðè íåïîëíûõ äàííûõÑèñòåìàÑèñòåìà óïðàâëåíèÿ:
dx(t) = A(t)x(t)dt + B(t)dU(t), t ∈ [t0, t1]

x(t) ∈ R
n � ñîñòîÿíèå.

U(t) ∈ BV [t0, t1] � èìïóëüñíîå óïðàâëåíèå.Êîíå÷íûé ìîìåíò âðåìåíè t1 �èêñèðîâàí.Îáîáù¼ííûé �óíêöèîíàë òèïà Ìàéåðà�Áîëüöà:
J(u(·)) = Var

[t0,t1]
U(·) + ϕ(x(t1 + 0)) → infÔóíêöèÿ ϕ : Rn → R ∪ {∞} âûïóêëàÿ, çàìêíóòàÿ.Óðàâíåíèå íàáëþäåíèÿ:

y(t) = H(t)x(t) + ξ(t). 3.06.2010 4 / 24



Çàäà÷à èìïóëüñíîãî óïðàâëåíèÿ ïðè íåïîëíûõ äàííûõÏðåäâàðèòåëüíàÿ �îðìóëèðîâêàÇàäà÷à 1Äëÿ äàííîé òåðìèíàëüíîé �óíêöèè ϕ(·) íàéòè ñèíòåçóïðàâëåíèé ïî ðåçóëüòàòàì èçìåðåíèé, ìèíèìèçèðóþùèé�óíêöèîíàë J(U(·)), íåñìîòðÿ íà ïîìåõó ξ(·):
J (U(·)) = max{J(U(·)) | x(·)},ïî âñåì òðàåêòîðèÿì, ñîâìåñòíûì ñ ïîñòóïèâøèìèèçìåðåíèÿìè.
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Èí�îðìàöèîííîå ñîñòîÿíèåÄåêîìïîçèöèÿ ñèñòåìû�àçäåëèì ñèñòåìó íà äâå ÷àñòè:îäíà ñ íåîïðåäåë¼ííîñòüþäðóãàÿ ñ èìïóëüñàìè.
x(t) = X (t, t1)x1(t) + X (t, t1)x2(t),
{

ẋ1(t)= 0,
dx2(t)= B(t)dU(t), x2(t0) = 0,

X (t, τ) � �óíäàìåíòàëüíàÿ ìàòðèöà:
∂X (t, τ)/∂t = A(t)X (t, τ), X (τ, τ) = I .Íîâîå óðàâíåíèå íàáëþäåíèÿ:

y1(t) = H(t)X (t, t1)x1(t) + ξ(t) = y(t)− H(t)X (t, t1)x2(t).3.06.2010 6 / 24



Èí�îðìàöèîííîå ñîñòîÿíèåÎïðåäåëåíèåÇàäà÷à ðàçáèâàåòñÿ íà äâå �ãàðàíòèðîâàííîå îöåíèâàíèå ñîñòîÿíèÿñèíòåç óïðàâëåíèé â ïðîñòðàíñòâå ñîñòîÿíèé(ñì. À. Á. Êóðæàíñêèé. Î ñèíòåçå óïðàâëåíèé ïî ðåçóëüòàòàì íàáëþäåíèé// ÏÌÌ. 2004. Ò. 68. � 4. Ñ. 547�563.)Èí�îðìàöèîííîå ñîñòîÿíèå: {t,X1[t], x2(t)}
X1[t] � èí�îðìàöèîííîå ìíîæåñòâî âñåõ âåêòîðîâ x1(t),ñîâìåñòíûõ ñìîäåëüþ ñèñòåìûäîñòóïíûìè èçìåðåíèÿìè y1(s), s ∈ [t0, t], t 6 t1,îãðàíè÷åíèåì Q íà ïîìåõó ξ(·).

X1[t] =
⋂

{H−1(t) (y∗1 (τ)− Q(τ)) | τ ∈ [t0, t]},ïðè äàííîé ðåàëèçàöèè íàáëþäåíèÿ y∗1 (t) íà èíòåðâàëå
t ∈ [t0, t]. 3.06.2010 7 / 24



Èí�îðìàöèîííîå ñîñòîÿíèåÑïîñîáû îïèñàíèÿîïîðíàÿ �óíêöèÿ
ρ(ℓ | X1[t]) = inf

λ(·)

{
∫ t

t0

(

〈λ(τ), y∗

1 (τ)〉+

+ ρ(−λ(τ) | Q(τ))
)

dτ | ψ(t) = ℓ

}

,ãäå ñòðîêà ψ � ðåøåíèå ñèñòåìû ψ̇ = λ(t)H(t), ψ(t0) = 0.ýâîëþöèîííîå óðàâíåíèå:
lim

σ→0+0
σ−1h

(

X1[t + σ],X1[t] ∩ H−1(t)(y∗1 (t)− Q(t))
)

= 0.(See A. B. Kurzhanski and T. F. Filippova, �On the theory of traje
torytubes: a mathemati
al formalism for un
ertain dynami
s, viability and
ontrol,� in Advan
es in Nonlinear Dynami
s and Control, ser. PSCT.Boston: Birkh�auser, 1993, no. 17, pp. 122�188.) 3.06.2010 8 / 24



Çàäà÷à èìïóëüñíîãî óïðàâëåíèÿ ïðè íåïîëíûõ äàííûõÒî÷íàÿ �îðìóëèðîâêàÇàäà÷à 2Äëÿ äàííîé ïîçèöèè {t,X1, x2}, t ∈ [t0, t1] óêàçàòü ñòðàòåãèþèìïóëüñíîãî óïðàâëåíèÿ ïî íåïîëíûì äàííûì,ìèíèìèçèðóþùóþ �óíêöèîíàë
J (U(·)) = Var

[t0,t1]
U(·) + ϕ (X1[t1] + x2(t1 + 0)) ,

ϕ(X ) = max{ϕ(x) | x ∈ X },êàêèì áû íè áûëî íàáëþäåíèå y1(t).
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Ìåòîä äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿÏóñòü V (t, x ; t1, ϕ(·)) � �óíêöèÿ öåíû â çàäà÷å èìïóëüñíîãîóïðàâëåíèÿ ñ äàííîé òåðìèíàëüíîé �óíêöèåé ϕ(x):
V (t, x ; t1, ϕ(·)) = min

U(·)

{

Var
[t,t1]

U(·) + ϕ(x(t1 + 0))
∣

∣

x(t) = x , dx = B(τ)dU
}

.(See A. N. Daryin, A. B. Kurzhanski, and A. V. Seleznev, �A dynami
programming approa
h to the impulse 
ontrol synthesis problem,� in Pro
.Joint 44th IEEE CDC-ECC 2005. Seville: IEEE, 2005.)Îöåíêà �óíêöèè öåíû V (t,X1, x2) â çàäà÷å 2:
V (t,X1, x2) 6 V (t, 0; t1,ϕ(·)),

ϕ(x) = max{ϕ(x + z) | z ∈ X1 + x2}.Â ÷àñòíîñòè, äëÿ ϕ(x) = I (x | M ): ϕ(x) = I (x | M −̇(X1 + x2)).3.06.2010 10 / 24



Ìåòîä äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿÓðàâíåíèå ÁåëëìàíàÔóíêöèÿ öåíû V (t, x ; t1, ϕ(·)) � ðåøåíèå âàðèàöèîííîãîíåðàâåíñòâà òèïà �àìèëüòîíà�ßêîáè�Áåëëìàíà:
min {H1(t, x ,Vt ,Vx), H2(t, x ,Vt ,Vx)} = 0,ñ íà÷àëüíûì óñëîâèåì V (t1, x) = V (t1, x ; t1, ϕ(·)) èãàìèëüòîíèàíàìè

H1(t, x , ξt , ξx) = ξt , H2(t, x , ξt , ξx) = min{〈ξx ,B(t)u〉+1 | ‖u‖ = 1}.Â ïîçèöèè (t, x):ëèáî H1 = 0, è óïðàâëåíèå ìîæåò áûòü âûáðàíî dU(t) = 0,ëèáî H1 > 0, òîãäà îáÿçàòåëüíî H2 = 0, è óïðàâëåíèåèìååò èìïóëüñ â íàïðàâëåíèè −B ′(t)Vx . 3.06.2010 11 / 24



Ýëëèïñîèäàëüíàÿ àïïðîêñèìàöèÿÝëëèïñîèä E (r ,R) � âûïóêëîå ìíîæåñòâî ñ îïîðíîé�óíêöèåé
ρ(p | E (r ,R)) = 〈p, r〉+ 〈p,Rp〉

1
2 .öåíòð r ∈ R

nìàòðèöà êîí�èãóðàöèè R > 0, R ∈ R
n×n(See A. B. Kurzhanski and I. V�alyi, Ellipsoidal Cal
ulus for Estimation andControl, ser. SCFA. Boston: Birkh�auser, 1997.)Ïóñòü ìíîæåñòâà Q(t) è M � ýëëèïñîèäû

Q(t) = E (q(t),Q(t)), M = E (m,M), 3.06.2010 12 / 24



Ýëëèïñîèäàëüíàÿ àïïðîêñèìàöèÿÇàìåíèì X1[t] ýëëèïñîèäàëüíîé àïïðîêñèìàöèåé
Y+(t) = E (η(t),Y (t))äèñêðåòíûé àíàëîã ýâîëþöèîííîãî óðàâíåíèÿâíåøíÿÿ àïïðîêñèìàöèÿ ïåðåñå÷åíèÿ äâóõ ýëëèïñîèäîâ(See L. Ros, A. Sabater, F. Thomas, �An ellipsoidal 
al
ulus based onpropagation and fusion,� IEEE Trans. Systems, Man and Cyberneti
s, 2002.)
Y (t +∆t) = αZ−1, η(t +∆t) = Z−1(πW1q1 + (1− π)W2q2),

Z = πW1 + (1− π)W2, W1 = Y−1(t), W2 = HT (t)Q−1(t)H(t),

q1 = η(t), q2 = H−1(t)(y(t)− q(t)),

α = 1− π(1− π)
〈

q2 − q1,W2Z
−1W1(q2 − q1)

〉

,ãäå π íàõîäèòñÿ ÷èñëåííî èç
α(detZ )2 tr(Z−1(W1 −W2))− η(detZ )2

(

2〈η(t +∆t),W1q1 −W2q2〉+

〈η(t +∆t), (W2 −W1)η(t +∆t)〉 − 〈q1,W1q1〉+ 〈q2,W2q2〉
)

= 0.3.06.2010 13 / 24



Ýëëèïñîèäàëüíàÿ àïïðîêñèìàöèÿÂíóòðåííÿÿ àïïðîêñèìàöèÿ M ′ = M −̇Y+(t) ðàâíà
M ′

−
= E (m′,M ′)

m′ = m − η(t),

M ′ =

(

1−

(

〈ℓ,Mℓ〉

〈ℓ,Y ℓ〉

)
1
2

)

M +

(

1−

(

〈ℓ,Y ℓ〉

〈ℓ,Mℓ〉

)
1
2

)

Y .Ýëëèïñîèä E (m′,M ′) èñïîëüçóåòñÿ êàê öåëåâîå ìíîæåñòâî:
ϕ

∗(p) =
〈

p,m′
〉

+
〈

p,M ′p
〉

1
2 .×èñëåííûå àëãîðèòìû ðåàëèçîâàíû ñ ïîìîùüþ EllipsoidalToolbox. (See A. A. Kurzhanskiy and P. Varaiya, Ellipsoidal toolbox,http://
ode.google.
om/p/ellipsoids/) 3.06.2010 14 / 24



Êîììóíèêàöèîííûå îãðàíè÷åíèÿ
Ïóñòü èçìåðåíèÿ ïîñòóïàþò â äèñêðåòíûå ìîìåíòû τi ,èìåþùèå ïóàññîíîâñêîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì λ:
y(τi ) = Hx1(τi ) + ξ(τi ), i = 1, k , t0 6 τ1 < τ2 < . . . < τk 6 ϑè ïîìåõà ξ(τi) ðàâíîìåðíî ðàñïðåäåëåíà ïî ìíîæåñòâó

Q = {η ∈ R
n | |ηℓ| ≤ ν, ℓ = 1, n}.
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Êîììóíèêàöèîííûå îãðàíè÷åíèÿÇàäà÷à 3Íàéòè èíòåðâàë âðåìåíè äëèíû ϑ− t0 è ñòðàòåãèþ óïðàâëåíèÿ
U = U(t,X1, x2), óäîâëåòâîðÿþùóþ îãðàíè÷åíèþ
Var[t0,ϑ] U(·) ≤ µ, òàêèå, ÷òî çàäà÷à

min{‖x1(ϑ) + x2(ϑ)‖ | U} ≤ γïðè äàííîì òèïå íàáëþäåíèé áóäåò ðàçðåøèìà ñ âåðîÿòíîñòüþ
P0 ≥ 1− ε, ïðè íàïåð¼ä çàäàííûõ γ, ε > 0.Çàäà÷à 3 ðàçäåëÿåòñÿ íà äâå ïîäçàäà÷è:Çàäà÷à 3-I: íàéòè ϑ, ïðè êîòîðîì X1[ϑ] ⊆ γC (0) + x∗1 äëÿíåêîòîðîãî x∗1 ñ âåðîÿòíîñòüþ P0, ïðè çàäàííûõ γ, ε (C (0)� åäèíè÷íûé êóá â R

n ñ öåíòðîì â íóëå).Çàäà÷à 3-II: íàéòè óïðàâëåíèå, äëÿ êîòîðîãî x2(ϑ) = −x∗1 .3.06.2010 16 / 24



Êîììóíèêàöèîííûå îãðàíè÷åíèÿÏîñêîëüêó íåèçâåñòíûé âåêòîð x1(t) = c = const, è Q = −Q,ïîëó÷àåì
c ∈

⋂

{H−1(y(ti ) + Q) | i = 1, . . . , k} = c∗ + R(k , ϑ),

R(k , ϑ) =
⋂

{H−1(ξ∗(ti ) + Q) | i = 1, . . . , k}, ϑ > tk ,ãäå ξ∗(ti ) � ðåàëèçàöèÿ ξ(ti), R(k , ϑ) � îøèáêà íàáëþäåíèÿïîñëå k èçìåðåíèé, è c∗ � ðåàëèçîâàâøèéñÿ âåêòîð c .? � ñ êàêîé âåðîÿòíîñòüþ R(k , ϑ) ⊆ γC (0)?Åñëè ξ(ti ) ïðîéä¼ò â ìàëûõ îêðåñòíîñòÿõ D(vm, σ) âñåõ 2nâåðøèí vm, m = 1, 2n, òî R(k , ϑ) ⊂ D(0, σ) è îáú¼ì VR(k , ϑ)ìíîæåñòâà R(k , ϑ) óñòðåìèòñÿ ê íóëþ ïðè σ → 0

VR(k , ϑ) ≤ (2σ)n → 0.(See A. B. Kurzhanski, �Identi�
ation: a theory of guaranteed estimates,� inFrom Data to Model, J. C. Willems, Ed. Springer, 1989, pp. 135�214.)3.06.2010 17 / 24



Êîììóíèêàöèîííûå îãðàíè÷åíèÿÒî æå âåðíî äëÿ ëþáûõ n+1 âåðøèí vj , îáðàçóþùèõ ñèìïëåêñ.Âåðîÿòíîñòü òàêîãî ñîáûòèÿ
P(σ, k) = (1− (1− σnν−n)k)n+1 → 1 ∀σ > 0.Âûáåðåì σ = σ0, òàê ÷òî R(k , ϑ) ⊆ γC (0), è ÷èñëî k = k0, òàê÷òî P(σ0, k0) ≥ 1− δ. Òîãäà X1[ϑ] ⊆ x∗1 (ϑ) + D(0, σ0) äëÿíåêîòîðîãî x∗1 (ϑ) èç óðàâíåíèÿ

ρ(ℓ | X1[τk ]) = inf
{

k
∑

i=1

〈

ℓ(i), y∗(τi)
〉

+ ρ(−ℓ(i) | Q)
∣

∣

∣

ℓ(i) ∈ R
n, i = 1, k ,

k
∑

i=1

ℓ(i) = ℓ
}

.3.06.2010 18 / 24



Êîììóíèêàöèîííûå îãðàíè÷åíèÿÂåðîÿòíîñòü P(k , ϑ − t0) ïîñòóïëåíèÿ k èçìåðåíèé íà [t0, ϑ]

P(k , ϑ− t0) = 1−

k−1
∑

j=0

(λ(ϑ− t0))
j

j!
exp(−λ(ϑ− t0)) → 1 ∀k .Èíòåðâàë íàáëþäåíèé [t0, ϑ

0], îáåñïå÷èâàþùèé P0 ≥ 1− ε,îïðåäåëÿåòñÿ èç
P0 = P(k0, ϑ− t0)P(σ

0, k0) > P(k0, ϑ0 − t0)(1 − δ) ≥ 1− ε.Íàêîíåö, äëÿ δ = ε/2 ÷èñëî ϑ0 îïðåäåëÿåì èç
P(k0, ϑ0 − t0) > 2(1− ε)(2 − ε)−1. 3.06.2010 19 / 24



Êîììóíèêàöèîííûå îãðàíè÷åíèÿÒåîðåìàÇàäà÷à 3 ðàçðåøèìà íà èíòåðâàëå äëèíû íå ìåíåå ϑ0 − t0, ñäîñòàòî÷íî áîëüøèì îãðàíè÷åíèåì µ íà óïðàâëåíèå U äëÿîáåñïå÷åíèÿ ðàâåíñòâà x2(ϑ
0) = −x∗1 (ϑ).ÒåîðåìàÄëÿ ëþáîé íà÷àëüíîé ïîçèöèè {t0, x

0} ñ èçíà÷àëüíîíåèçâåñòíûì x0 ñóùåñòâóåò êîíå÷íîå âðåìÿ T = ϑ0 − t0, äëÿêîòîðîãî íà÷àëî êîîðäèíàò {0} äîñòèæèìî ñ âåðîÿòíîñòüþ 1ïðè äîñòàòî÷íî áîëüøîì µ.Çàìå÷àíèåÈçëîæåííàÿ ñõåìà äîïóñêàåò ðàñïðîñòðàíåíèå íàíåñòàöèîíàðíûå ñèñòåìû (íàïðèìåð, íà ïåðèîäè÷åñêèå)
H(t) = HX (t0, t)x , B(t) = X (t0, t)B . 3.06.2010 20 / 24
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