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Mathematical Model

MW (t) = kz(wz — wl) — kiwy + vy (t)
mzwz(t) = ki+1(wi+1 — wz) — /@L(wz — wi_1) + Uz'(t)
meN(t) = —kN(wN — wN_l) + F(t) + UN(t)

wi(to) = w? wi(to) = Zi}g 1 =1, N

w; — displacements from the equilibrium
F— control force

v; — unknown disturbing forces

m; — masses of the loads

k; — stiffness coefficients

-

i=2 N —1

|
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pOwu(t,§) = [Y(Qwe(t, )], t>t, 0<E<L

w(t,0) =0, we(t,L)=F(t)/Y(L), t3>t

w(to, &) = w(€), wi(ty,€) =€), 0<ELL

w(t, &) — displacement from the equilibrium
F'(t) — control force
(£) — mass density

)

Y (£) — Young modulus



Control and Disturbances

- N

Control force is produced by an integrator

t Ty T2
F(t):// / w(ry)dry -+ - dmy
¥t0 to toJ

v times

t Is required to use continuous or smooth controls.

u(t) Is the new control variable.

Hard bounds (geometrical constraints) on control and
disturbance:

u(t) € & = |—u, il v(t) € 2 c RY

o |
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Normalized Matrix Form

- t(t) = Ax(t) + bu(t) + Co(t)
[ w(t)
A
r(t) = F(t) w(t) = : v(t) =
; wn (1)

\Fe()
Here FW(t) = u(t).

LThis system is completely controllable.



The Problem
=

Classes of controls:
Open-loop %o : u(t) : [tg, t1] — Z.
Closed-loop (feedback) %c,: % (t,x) : [to, t1] x R" — conv Z.

-

The closed-loop system is a differential inclusion
i(t) € Ax(t) +b% (t,x)+CZ2

Problem. For a given ¢ > 0, find

» backward reach set (solvability domain) # [tg] C R?Y
# closed-loop control % (t, x)
s.t. all trajectories starting in % |ty| satisfy ||z(t1)| < e.

o |
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Dynamic Programming Approach

-

The value function:

-

Vt,xz) = %rreu%narg(a)x{max{() |lz(t)]| — e}’ ‘ }

Vit,z) =V(t,zt,V(t,), V(t,z) =max{0, ||z —e}?

Principle of optimality:

V(t,x;t1, V(ty,") =V (t,z; 7, V(T t1,V(t,))) t<7<t
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HJB Equation

fWithout disturbances (2 = {0}): T

Vi+ min(Vy, Az +bu) =0 t <t

ul<p

V(ti,z) = V(t1,2) = max {0, ||z|| — e}

Vit z) = d? (et~ (=DA% ) (d is Euclidian distance)

W l] = {x c RV | V(t,2) < o}
_/L7 VCEQN—H/ > O?
*(t,x) = Argmin (V,,bu) = < p, Vions, < 0;

\— [ulss [_“7 :LL]a V$2N+u = 0. J
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HJBI Equation
-

Vi + minmax(V,, Ax + bu+Cv) =0 t <ty
lu|<pvel

V(ty,z) = V(t1,z) = max {0, ||z]| — £}’

Vit z) < d2(elh=D4z e(h=04% )

W[t = {x c RV | V(t,2) < 0
— M, V332N+u > O?
U*(t,r) = Argmin (V,, bu) = < pu, Viana, < 0
Ul
ulss [_:ua:u]a VCB2N+V = 0.
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“Aiming” at 7/ |t]

— K, €8N—|—y >0
%*(tax) — Hs E%N—I—V <0

[_Ma :LL]) EQN—I—I/ 0
d2 (1D A, (1= Ay 1)) = max {(g z) —p(L| Wt H (t— tl)AEH }
0 0 LIl (t—¢1)4 0]
=(°z) —p(L° | w]H) - ZHe al
t
p(£| #[t])) = max (£, W[t]) = M/ 1 |son (7)| d7 + €]|£|| (without disturbances)
t

cEW [t]

The adjoint equation 5(t) = —AT's(t), s(t1) = £ or s(t) = elt=t1)4y

o |
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Approximation

-

The exact solvability domain 7 |t|
IS replaced by an approximation Z[t], such that

-

# the set Z[t] is described by a smaller amount of data

# “aiming” strategy at Z[t| is easily calculated and damps
the system

Ellipsoids

E(m, M) ={z | <:1:—m,M_1(:1:—m)> <1}

p(€] E(m, M) = (m.0) + /(€. MO

(A. B. Kurzhanski and I. Valyi, Ellipsoidal Calculus for Estimation
\_and Control. Boston: Birkhauser, 1997.) J
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Ellipsoidal Approximation

S(t)P%BTS(t) _ A(t)X_%S(t) ST(t)S(t) _ 7 7T(t) _ <S(t),CQCT5(t)>§

2 =£(q,Q)

p(s(t) | Zt]) = p(s(t) [ #]t])

(A. B. Kurzhanski and P. Varaiya, “Ellipsoidal techniques for reachability analysis. Part II:

Internal approximations. Box-valued constraints,” Optimization methods and software,
vol. 17, pp. 177-237, 2002.)

o |

Lund, 2006 — p. 13/18



Evolution Equation

- N

lim o th (Zt—o]+0C2,(I —cA)Z[t] —ob?) =0

2| = %:(0)
hi(Z,%)=min{r >0| 2 C¥% + %}

Particular solutions:
# Wt] Is the maximum solution w.r.t. inclusion
# Ellipsoidal approximations

o |

Lund, 2006 — p. 14/18



“Aiming” at Z[t]
- -

Z(t, ) = d(z, Zt])

dZ(t,x(t
min max (. 2(¢)) = Z¢ + min max (Z,, Az + bu + Cv) < 0.
lu|<p vEL dt u|<p vEL

U (t,xr) = Argmin (Z,, bu)

u|<p

If x(t) € Z|t], then
lz(t)[] = d(z(t1), Z[t]) < d(z(t), Zt]) = 0
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Ellipsoidal Control Synthesis

— K, ggN—i—V > 07
%ff(tax) — Hs E%N—I—V < 0;

[_:umu]v EgN{—y — 07

O =Xt (2 —a"(t))

Ellipsoidal toolbox:
http://ww. eecs. ber kel ey. edu/ ~akurzhan/ el | i psoi ds/

o


http://www.eecs.berkeley.edu/~akurzhan/ellipsoids/
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http://www.eecs.berkeley.edu/~akurzhan/ellipsoids/
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